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Syllabus

The objectives of this course are to familiarise the students with mathematical tools
useful for decision marking.
(Proofs and derivations are excluded)

1. Introduction - Concept and nature of decision making-decision making process — need
for information, Computation and analysis role of mathematical models- role of
computers.

2. Linear and quadratic equations- progressions- permutation and combinations —Binomial
theorem.

3. Set theory- sets and operation on sets- Functions- limits

4. Vectors-type- Geometric interpretation and linear dependence.

5. Matrix algebra- addition, subtraction and multiplication of matrices- ad joint matrix —

Inverse of matrix-rank of matrix-rank of matrix — solutions of simultaneous equations.

6. Differentiation — basic laws of derivatives- higher order derivatives- partial differentiation-

maxima and minima of functions.

7. Integration — concept- methods- definite integrals- integration by parts.

8. Elements of OR- concept of modeling- modeling procedures —OR techniques — an

overview.

9. Linear programming — graphic solution — simplex method.
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B.B.A. DEGREE EXAMINATION, DECEMBER 2011.
First Year
Part || — Business M anagement
Paper || — BUSINESSMATHEMATICS

Time: Three hours Maximum : 100 marks
Answer any FIVE of thefollowing.

All questions carry equal marks.

1 (@) What is Decision making? Explain the process. What are its challenges?

(b) InaGeometric Progression, if the sum, of three consecutivetermsis 14 and their product is 64,
find them.

2. (@ (i) Describethe Mathematical model.
(i) Describethe role of computers.

(b) A town has apopulation of 50,000. Out of it 28,000 read economic times and 23,000 read times
of Indiawhile 4000 read both the papers. Indicate how many of them read neither of the papers.
3. @ Explain de Morgan's Laws of sets.

(b) Determine whether the vectors.

a=2 +j-3k
b=i -4k
T=4i +3] -k

are Linearly dependent or independent.

4, (@) What do you mean by Geometrical Interpretation? Elucidate its properties.

(b) In how many ways can a committee of 5 be formed from 6 commerce, 5 English and

3 Hindi students so that each branch is represented.
5. @ Define Matrix. Mention any three kinds of matrices.
(b) Find the minimum average cost if
(i) T, =20 -2x +x°

iy T.-ax+12-2
X

6. (@) Integrate the following



2

i X dx
(i) (x2+3x +5)8

(b)  What do you mean by Rank of aMatrix? Find the rank of the following matrix.

N PR
NG I N
o g W

7. (@ Define Linear Programming. What are its various applications?
(b) Evaluate the following using integration by parts.
(i) j log x dx
i) [xe*dx
8. (8 What is Operations Research? Describe the various models used.

(b) Explain the methodology of operations Research.

9. (@ A trader dealsin Rice and Wheat. He has room to store only 100 bags and his capacity
toinvest is Rs. 18,000/-. The cost of one bag rice is Rs. 200 and cost of one bag of wheat is Rs. 150. He
makes a profit of Rs. 15 per bag of rice and Rs. 12 per bag of Wheat, find out how he should invest
money in order to maximise the profit.

(b) The demand and cost function of afirmaregivenby p =12 — 3x and
T =x+2x
Find the following :
(i) Average cost
(i) Average Revenue
(iii) Marginal Cost

(iv) Maximum profit.
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B.B.A. DEGREE EXAMINATION, DECEMBER 2010.
(Examination at the end of First Year)
Part 1| — Business management
Paper Il — BUSINESS MATHEMATICS

Time: Three hours Maximum : 100 marks

Answer any FIVE questions.

All questions carry equal marks.

(@ Explain the process of decision making. Discuss the role of mathematical modelsin decision
making process. State the advantages of these models.

(b)  Three numbers are in geometric progression. Their sum is 21 and their product is 216. Find
those numbers.

4x °
(@ Findthefirst four termsin the binomia expansion of [? - 5) . Obtain the middle term of

this expansion and the term independent of x .

(b)  Out of 6 gentlemen and 4 ladies a committee of 5 isto be formed. In how many ways this can
be done if the committee consists of

(i) exactly 2ladies
(i) at least 2 ladies
(iii) there is no restriction in its formation.

@ Iff:R—>Radg:R—> R aedefinedby f(x)=3x -2 and g(x) = x? +1, thenfind
(i) (fo0)2)
(i) (fof)(x)
(i) (gof)(x+1).

(b) Evauate:
, | 7x> -11x -6
() o IV
x>2 3x° —x-10
. It 1-sinx
(if) x—>%  XCOSX

@ When do we say that afinite set of vectors are linearly independent? Determine whether
thefollowing vectors: 7 + 2b — ¢, 2a — 3b + 2¢c and 43 + b + 3¢ arelinearly independent?

(b) If a,b,C arethree non zero non-coplanar vectors, examine whether the vectors

28—-b+3C,-a+b-2c and g +bp —3c arecoplamar. Justify your claim.



(@

(b)
@

(b)
(@

(b)

023 137
If A= and B = them show that B A’ = (AB')'.

357 241
1 2 3
Find the inverse of the matrix -2 1 4.
-3 -41

Solve the system of equations :
X+y+2z2=6,X-y+z=2and 2x + y—z =1 using matrix inversion method.

1 -1 3 6

. PR .11 3 -3 -4
Define the rank of amatrix. Find the rank of the matrix : .

5 3 3 11

Differentiate the following functions w.r.t
(i)
(i)
(iii) .
A manufacturing firm assumesthefoll owing relationshipsfor therevenue (R) and cost function
©):
R(Q) = 1000 Q — 2Q?
C(Q) = @*-59 Q*+ 1315 Q + 5000
If Q ismeasured in tons per week, find out at what level of output Q, the profit is maximum?

@ Evaluate the following integrals :
(i)
(i) :
(b) If find.
@ Discuss the importance, scope and limitations of operations research in the modern
management.
(b) Solve the following linear programming problem using simplex method :

Maximize
Subject to :

and .
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B.B.A. DEGREE EXAMINATION, MAY 2011.

(Examination at the end of First Year)
Part 11 — Business M anagement

Paper || — BUSINESS MATHEMATICS

Time: Three hours Maximum : 100 marks

Answer any FIVE questions.

All questions carry equal marks.

1.

(@ What isthe function of a model in decision making hame the type of models? What are the
advantages of models? What are the pitfalls of models?
(b) Thelength of arectangular plot of ground is greater than its breadth by 36 m. If the area of the
plot is 460 m2. Find its dimensions.
(@ Thefirst and last terms of an AP are— 4 and 146 respectively and the sum of APis7171. Find
the number of termsin AP and the common difference.
(b) A family of four brothers and 3 sister are to be arranged in arow for a photography. In how
many ways can they be seated if all the sisters sit together.
@ If f and g arereal valued functions defined by f(x)=4x-2and g(x)= x?find
(fog) (x).
' Lt Xn _ an
(b) Find X—>a y_g

(@)

If a, b,c arelinearly independent, show that a — 2b+ 3c, — 2a + 30— 4c and

—b+ 2c arelinearly dependent.

(b)

If the position vectors of the vertices of atriangle are 2i + j + 3k,

3i+2j+k,i+3j+2k , show that the triangle is an equilateral one.

5.

(@

(b)

Find the adjoint of the square matrix

3 5 -1
A=2 1 2
4 3 1

Find the inverse of the matrix.



1 1 2
A=2 -1 1

2 2 1
@ Find the rank of the following matrix.
4 8 2 1

A=/5 7 1 O

5 3 9 2
(b) Solve the following system of linear equations by Cramer’s rule.
X—-2y+3z=1
3X-y+4z=3
2x+y—-2z=1

(@ Find the differential coefficients of (3x®—5x? + 8)*w.r. to .x
(b) Find the maximum and minimum values of functions.

0) y=x>-3x?+20

(i) y=x*-2x*+2
Evaluate

@

2

J'x3+5x2+4x+1
X

(b) j(Zx +7)%dx

© j (log x)? dx
@ Explain the concept, scope and tools of operations research as applicable to business and

industry.
(b) Use Simplex procedure to solve

Maximise z = 3x; + 5x,
Subject to 2x, + 3x, <18
X, + 2%, <12

3X, +X, <15

Xy, X5 20.
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Lesson -1

INTRODUCTION

OBJECTIVES:

The main objective of this lesson is to explain the importance of Business Mathematics in
commerce. It also aims at explaining the relationship between the various subjects in

commerce & Mathematics.

STRUCTURE:

1.1 Introduction
1.2 Summary

1.3 Model Questions
1.1 INTRODUCTION:

Mathematics is the base for Commerce. A combination of both is a better option. The
course develops the methods of differentiation and integration to functions of one variable. Our
aim is to supplement this course with suitable lessons from the existing Business Mathematics
course, in order to provide an intoduction to, and illustrations of, techniques relevant to financial
management. Mathematics is used by commercial enterprises to record and manage business
operations. Mathematics typically used in commerce includes elementary arithmetic, such as
fractions, decimals percentages, elementary algebra, statistics and probability. Business
management can be made more effective in some cases by use of more advanced mathematics
such as calculus, matrix algebra and linear programming. Commercial organizations use
mathematics in accounting, inventory management, marketing, sales forecasting, and financial
analysis.

In academia, " Business Mathematics" includes mathematics courses taken at an
undergraduate level by Commerce students. These courses are slightly less difficult and do not
always go into the same depth as other mathematics courses for people majoring in mathematics
or science fields. The most common math courses taken in this form are Business Calculus,
Algebra and Business Statistics. Examples used for problems in these courses are usually real-
life problems from the business world.

An example of the differences in coursework from a business mathematics course and a
regular mathematics course would be calculus. The accentuation in these courses is on
computational skills and their practical application, with practical application being predominant.
Many practical problems with solutions are also presented and emphasized. Derivatives are financial
instruments whose values change in response to the changes in underlying variables. The main
types of derivatives are futures, forwards, options, and swaps.
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The main use of derivatives is to reduce risk for one party. The diverse range of potential
underlying assets and pay-off alternatives leads to a wide range of derivatives contracts available
to be traded in the market. Derivatives can be based on different types of assets such as
commodities, equities (stocks), bonds, interest rates, exchange rates, or indexes ( such as a
stock market index, consumer price index (CPI) - see inflation derivatives - or even an index of
weather conditions, or other derivatives). Their performance can determine both the amount and
the timing of the pay-offs.

Widely hailed for its focus on student's needs, this classic algebra- based introduction to
Business Mathematics takes care to present each topic in a clear and logical manner-with detailed
explanations of all steps and concise discussions describing the business applications of each
topic. This dual approach sharpens the mathematical skills of students preparing to enter business
employment while also providing an introduction to accounting, finance, insurance, statistics,
taxation, and other math-related subjects. Consumer math applications, such as bank reconciliation,
discounting, mark-ups and markdowns, installment purchases, and simple and compound interest
are also covered in depth.

" Mathematics provides a system of logic which is helpful in analysing many practical
problems in science, social sciences and humanities. A comprehensive knowledge of mathematics
is necessary for a meaningful study of business problems and in decision - making.

Modern Risk Management including Insurance, Stock Trading and Investment depend on
Mathematics and it is a fact that one can use Mathematics advantageously to predict the future
with more precision ! Not with 100% accuracy, of course. But well enough so that one can make
a wise decision as to where to invest money. The idea of using Mathematics to predict the future
goes back to two 17th Century French Mathematicians Pascal and Fermat. They worked out
probabilities of the various outcomes in a game where two dice are thrown a fixed number of
times.

Linear programming finds the least expensive way to meet given needs with available
resources. Its results are used in every area of engineering and commerce :

Linear programming, sometimes known as linear optimization, is the problem of maximizing
or minimizing a linear function over a convex polyhedron specified by linear and non- negativity
constraints. Simplistically, linear programming is the optimization of an outcome based on some
set of constraints using a linear mathematical model.

Linear programming theory falls within convex optimization theory and is also considered
to be an important part of operations research. Linear programming is extensively used in business
and economics.

Keeping all the above under consideration Business Mathematics curriculum is designed
in appropriate way by including the relevant Mathematics subjects.

1.2. SUMMARY

Business Mathematics is very useful in commerce and management. It will be used in
almost all the aspects of commerce and management, particularly in the process of Decision
making, maximisation of profits, minimisations of costs ( linear programming ) etc.
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1.3. MODEL QUESTIONS

1. What is the improtance Business Mathematics in commerce and management ?

2. Explain the relationship between commerce and Business Mathematics.

3. What is the importance of Business Mathematics in the process of Decision making?

Dr. T. Nageswara Rao , com. M.Phil.. PhD.
Vice - Principal
Hindu College, Guntur.



Lesson - 2

MATHEMATICAL MODELS

Objectives:
After studying this lesson, you should be able to understand -
> The decision makers pay-off table, decision making under certainty.

> Decision making under risk (with probability), dewsion tree analysis.

Structure:

This lesson has the following components:

2.1 Introduction

2.2  The decision maker

2.3 Pay-off

2.4 Regret (or Opportunity Loss)

2.5 Decision making under uncertainty (without probability)
2.6  Decision making under risk (with probability)

2.7 Decision Tree Analysis

2.8 Exercise

2.9 Answers

2.1 Introduction:

Decision theory is primarily concerned with helping people and organizations in making
decisions. It provides a meaningful conceptual frame work for important decision making. The
decision making refers to the selection of an act from amongst various alternatives, the one which
is judged to be the best under given circumstances.

The management has to consider phases like planning, organization, direction, command
and control. While performing so many activities, the management has to face many situations
from which the best choice is to be taken. This choice making is technically termed as "decision
making" or decision taking. A decision is simply a selection from two or more courses of action.
Decision making may be defined as "a process of best selection from a set of alternative courses
of action, that course of action which is supposed to meet objectives upto satisfaction of the decision
maker.
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The knowledge of statistical techniques helps to select the best action. the statistical decision
theory refers to an optimal choice under condition of uncertainty. In this case probability theory has
a vital role, as such, this probability thory will be used more frequently in the decision making theory
under uncertainty and risk.

The statistical decision theory tries to reveal the logical structure of the problem into alternative
action, states of nature, possible outcomes and likely pay-offs from each such outcome. Let us
explain the concepts associated with the decision theory approach to problem solving.

2.2 The Decision Maker:

The decision maker refers to individual or a group of individual responsible for making the
choice of an appropriate course of action amongst the avilable courses of action.

Decision making problems deals with the selection of a single act from a set of alternative
acts. If two or more alternative courses of action occur ina problem, then decision making is
necessary to select only one course of action.

Letthe acts or actionbe a;, a5, ag, ==+ then the totality of all these actions is known as
action space denoted by A. For three actions aj, a,, az ; A = action space = (a,, a5, as) or

A = (A1, A,, A3). Acts may be also represented in the following matrix formi.e., either in row or
column was

Acts Acts [ A [ A, . [A
A1
A2

In a tree diagram the acts or actions are shown as

Aq

Start A
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Events or States of Nature:

The events identify the occurrences, which are outside of the decision maker's control and
which determine the level of success for a given act. These events are often called 'States of
Nature' or outcomes. An example of an event or states of nature is the level of market demand for
a particular item during a stipulated time period.

A set of states of nature may be represented in any one of the following ways:

For example, if a washing powder is marketed, it may be highly liked by outcomes (outcome
0,) or it may not appeal at all (outcome 0, ) or it may satisfy only a small fraction, say 25% (outcome

03).

In a tree diagram the places are next to acts. We may also get another act on the happening
of events as follows:

Acts Events

The matrix form, they may be represented as either of the two ways:

States of Nature —

S 1 SZ
Acts

Aq
A,
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or

States of Nature l AL Ay ... Ay

Sy
S

2.3 Pay-Off:

The result of combinations of an act with each of the states of nature is the outcome and
momentary gain or loss of each such outcome is the pay-off. This means that the expression pay-
off should be in quantitative form.

Pay-off may be also interms of cost saving or time saving. In general, if there are k alternatives
and n states of nture, there will be k x n outcomes or pay-offs. These k x n pay-offs can be very
conveniently represented in the form of a k x n pay-off table.

States of Nature Decision Alternative
Aq A, ... Ay
By an A ------ Ak
B as Y 2k
En any R IR ank

where a; = conditional outcome (pay-off) of the ith event when jth alternative is chosen. The
above pay-off table is called pay-off matrix.

For example,

A farmer can raise any one of three crops on his field. The yields of each crop depend on
weather conditions. We have to show pay-off in each case, if prices of the three products are as
indicated in the last column of yield matrix.
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Weather
Price
Dry Moderate DaEmp Rs.Per-
Yield in
Kg per Pa:dy 500 | 1700 | 4500 | 1.25
hectare ()
Groundnut 800 1200 1000 | 4.00
(A)
Tobacco 100 300 200 15.00
(A,)
Solution:
Pay-off Table
E, E, E,

A, 500 x1.25=625 11700 x1.25 = 2125 | 4500 x 1.25 = 5625

A, |800x4=3200 [1200x4 = 4800 1000 x 4 = 4000

A, 1100 x15= 1500 [300 x 15 = 4500 200 x 15 = 3000

2.4 Regret or Opportunity Loss:

The difference between the highest possible profit for a state of nature and the actual profit
obtained for the particular actiontaken is known as opportunity loss. That is an opportunity loss is
the loss incurred due to failure of not adopting the best possible course of action. Opportunity
losses are calculated separately for each state of nature. For a given state of nature the opportunity
loss of possible course of action is the difference between the pay-off value for that ourse of action
and the pay-off for the best possibel course of action that could have been selected.

Let the pay-off of the outcomes in the 1% row be Pig Pppyorereeeees , Py, and similiarly for

the other rows.
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Pay of Table
States of Nature
Acts S, S, ... Sh
A Pl P -oee-- Pln
A P21 Py ==77-- 2n
Am Pm1 I:)m2 """ I:)mn

Consider a fixed state of nature S;. The pay-off corresponding to the n strategies are given

by Py, Py, e P

by the decision maker there is loss of opportunity of M; — P;; and so on.

Then a table showing opportunity loss can be computed as follows:

Regret or Opportunity loss table

" Suppose M; is the maximum of these quantities. The P, if A, is used

States of Nature
Acts Sq Sy, ... Sy
A1 Mp-Prp My Py oo Mn - P,
Ay My -Pop Mp-Pyy -ooee Mn - Py
Am Mi =Py My -Rpp oo Mn - Fnn
2.4.1 Types of Decision Making: Decisions are made based upon the information data
available about the occurrence of events as well as the decision situation. There are
three types of decisionmaking situations: Certainty, uncertainty and risk.
24.2

Decision Making Under Certainty: In this case the decision maker has the complete

knowledge of consequence of every decision choice with certainty. In this decision model,
assumed certainty means that only one possible state of nature exists.
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Example 1:

A canteen prepares a food at a total average cost of Rs. 4 per plate and sells it at a price of
Rs. 6. The food is prepared in the morning and is sold during the same day. Unsold food during the
same day is spoiled and is to be thrown away. According to the pst sale, number of plates prepared
past is not less than 50 or greater than 53. You are to formulate the (i) action space (ii) states of
nature space (iii) pay-off table (iv) loss table.

Solution:
()  The canteen will not prepare less than 50 plates or more than 53 plates.

Thus the acts or curses of action open to him are
a, = prepare 50 plates
a, = prepare 51 plates
as = prepare 52 plates
a, = prepare 53 plates
Thus the action space is
A ={ay, a,,as a,}

(i)  The state of nature is daily demand for food plates.

Then are four possible state of nature i.e.
S, = demand is 50 plates

S, = demand is 51 plates

S3 = demand is 52 plates

S, = demand is 53 plates

Hence the state of nature space, S ={S;,S;,S3.S,}

(i)  The uncertainty element in the given problem is the daily demand.
The profit of the canteen is subject to the daily demand.
Let n = gquantity demanded

m = quantity produced
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For profit = (cost price - selling price) x m

=(6-4)xm=2m

Pay-Off Table

Demand (n)
supply(m) | (S1) (S2) | (Ss) (Sa)
50 51 52 53
(a,) 50 100 100 100 100
(ay) 51 96 102 102 102
(az) 52 92 98 104 104
(a,) 53 88 94 100 106

(iv)

To calculate the opportunity loss we first determine the maximum pay-off in each state of
nature. In this state

First maximum pay-off = 100
Second maximum pay-off = 102
Third maximum pay-off = 104
Fourth maximum pay-off = 106

Loss Table Corresponding to the Above Pay-Off Table

Demand (n)
Supply (m) (S1) (S2) (S3) (S4)
50 51 52 53
(al) 50 100-100=0 102-100=2 [104-100=4 106 - 100=4
(az) 51 100-96=4 102-102=0 |104-102=2 106 -102=4
(a3) 52 100-92=8 102-98=4 104-104=0 | 106-104=2
(a4) 53 100 -88 =12 102-94=8 104-100=4 | 106-106=0
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2.5

Decision Making Under Uncertainty (Without Probability):

Under conditions of uncertainty, only pay-offs are known and nothing is known about the

likelihood of each state of nature. Such situations arise when a new product is introduced in the
market or a new plant is set up. The number of different decision criteria available the condition of
uncertainty is given below:

251

252

253

254

255

Certain of Optimism (Maximax): The maximax criterion finds the course of action or
alternative strategy that maximizes the maximum pay-off. Since this decision criterion locates
the alternative with the highest possible gain, it has also been called an optimistic decision
criterion. The working method is

() Determine the best outcome for each alternative.
(i)  Select the alternative associated with the best of these.

Expected Monetary Value (EMV): The expected monetary value is widely used to evaluate
the alternative course of action (or act). The EMV for given course of action is just sum of
possible pay-off of the alternative each weighted by the probability of that pay-off occurring.

The Criteria of Pessimism or Maximin: This criterion is the decision to take the course of
action which maximizes the minimum possible pay-off. since this decision criterion locates
the alternative strategy that has the least possible loss, it is also known as a pessimistic
decision criterion. The working method is:

1) Determine the lowest outcome for each alternative.
2) Choose the alternative associated with the best of these.

Minimax Regret Criterion (Savage Criterion): This criterion is also known as opportunity
loss decision criterion because decision maker feels regret after adopting a wrong course
of action (or alternative) resulting in an opportunity loss of pay-off. Thus he always intends
to minimize this regret. The working method is

(@) Form the given pay-off matrix, develop an opportunity loss (or regret) matrix.

0] Find the best pay-off corresponding to each state of nature and

(i)  Subtract all other entries (pay-off values) in that row from this value alternatives.
(i)  Select the alternative associated with the lowest of these.

Equally likely decision (Baye's or Laplace) Criterion: Since the probabilities of states of
nature are not known, it is assumed that all states of nature will occur with equal probability
i.e., each state of nature is assigned an equal probability. As states of nature are mutually
exclusive and collectively exhaustive so the probability of each. These must be 1/(number
of states of nature). The working method is

(@)  Assign equal probability value to each state of nature by using the formula:
1/(number of states of nature)

(b) Compute the expected (or average) value for each alternative by multiplying each
outcome by its probability and then summing.
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(c)  Select the best expected pay-off value (maximum for profit and minimum for loss)

This criterion is also known as the criterion of insufficient reason because, expect in
afew cases, some information of the likelihood of occurrence of states of nature is available.

2.5.6 Criterion of Realism (Hurwicz Criterion): This criterion is a compromise between an
optimistic and pessimistic decision criterion. To start with a co-efficient of optimism

a (0<a<1) is selected.

When ¢ is close to one, the decision maker is optimistic about the future and when
o is close to zero, the decision maker is pessimistic about the future.

According to Hurwicz, select strategy which maximizes H = o (maximum pay-off in
row) + (1 - o) minimum pay-off in row.

Example 2:
Consider the following pay-off (profit) matrix
Action States

(S1) (S2) (Sa) (S4)
A 5 10 18 25
A, 8 7 8 23
Ag 21 18 12 21
Ay 30 22 19 15

No probabilities are known for the occurrence of the nature states. Compare the solutions
obtained by each of the following criteria:

(i) Maximin (i) Lapalace (iii) Hurwicz (assume that o = 0.5)
Solution:
()  Maximin Cirterion:

Minimum
A 5 10 18 25 5
A,: 8 7 8 23 7
Az: 21 18 12 21 12
Ay 30 22 19 15 15 Maximum

Best action is A,
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(i) Laplace Criterion

E(A1)=1/4[5+10+18+ 25]=14-5

E(A,)=1/4[8+7+8+23]=115

E

(A2) =
E(A3)=24[21+18+12+21]=18-0
(Ay)=1/4[30+22+19+15] = 21-5 maximum

E(A,) is maximum. So the best action is A,

(@iii) Hurwicz Criterion (with a =0-5)

Minimum Maximum a (max) + (1 - o) min
A 5 25 0.5 (25) + 0.5(5) = 15
A, 7 23 0.5(7) + 0.5 (23) =
Ag 12 21 0.5(12) + 0.5 (21) = 16.5
Ay 15 30 0.5(15) +0.5(30) =22.5 maximum

Best actionis A,

Example 3:

Suppose that a decision maker faced with three decision alternatives and two states of nature.
Apply (i) Maximin and (ii) Minimax regret approach to the following pay-off table to recommend the
decisions.

States of Nature S, S,
Act
A 10 15
A, 20 12
Aj 30 11
Solution:
(i) Maximin:
Act Minimum
A 10
A, 12 Maximum
Aj 11

Act A, is recommended
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States of Nature S, S, Maximum
Act Regret
Aq 30-10=20 15-15=0 20
A, 30-20=10 15-12=3 10
Aj 30-30=0 15-11=4 4

Mimum of the maximum regrets is 4 which coresponds to the act A5 is recommended.

Example 4:

A business man has to select three alternatives open to him each of which can be followed
by any of the four possible events. The conditional pay-off (in Rs.) for each action event combination

are given below:

Alternative Pay-offs Conditional Events
A B C D
X 8 0 - 10 6
Y -4 12 18 -2
Z 14 6 0 8

Determine which alternative should the businessman choose, if he adopts the

a)
b)
c)
d)
e)
Solution:

Maximin Criterion
Maximax Criterion

Hurwicz Criterion with degree of optimism is 0.7

Minimax Regret Criterion

Laplace Criterion

For the given pay-off matrix, the maximum assured and minimum possible pay-off for each
alternative are as given below:

Alternative Maximum Minimum (a=0-7)
Pay-off Pay-off H = o ( maximum pay —off )
(Rs.) (Rs.) +(1-a ) (mimum pay - off )
X 8 -10 2.6
Y 18 -4 114
4 14 0 9.8
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(@)

(b)
(c)
(d)

(e)

Since z yields the maximum of the minimum pay-off, under maximin criterion, alternative z
would be chosen.

Under maximax criterion, the businessman would choose the alternative Y.
It will be optimal to choose Y under Hurwicz Criterion.

For the given pay-off matrix, we determine the regrets as shown below, when the regret pay-
offs amounts when event A occurs, are computed by the relation.

Regret pay-off maximum pay-offs from A - pay-off.

Similarly for the other events.

Alternative Pay-off Regret Pay-off Maximum
Amount Amount Regret
A B C D A|lB C|[D

X 8 0 [-10 6 6 |12 [ 28 | 2 28

Y -4 |12 |18 | -2 | 18 0 0|10 18

z 14 6 0 8 O 6 |18| O 18
Maximum 14 | 12 | 18

Pay-off

Since alternative Y and Z both corresponding to the minimal of the maximum possible
regrets the decision maker would choose either of these two.

Laplace Criterion: In this method assigning equal probabilities to the pay-off of each strategy
results in the following expected pay-off.

Alternative Pay-off Expected Pay-off Value
A B C D
P=14] P=1/4 P=14 | P=1/4

X 8 0 -10 6 |3 [8+0-10+6]=1
Y -4 12 18 -2 | Y[-4+12+18-2]=6
z 14 6 0 8 | Y[14+6+0+8]=7

Since the expected pay-off value for Z is the maximum the businessman would choose
alternative Z.
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2.6 Decision Making Under Risk (with probability):

Here the decision maker faces many states of nature. As such, he is supposed to believe
authentic information, knowledge, past experience or happenings to enable him to assign probability
values to the likelihood of coccurrence of each state of nature. Sometimes with reference to past
records, experience or information, probailities to future events could be allotted. On the basis of
probability distribution of the states of nature, one may select the best course of action having the
highest expected pay-off value.

Example 5:

The pay-off table for three courses of action (A) with three states of nature (E) (or events)
with their respective probabilities (p) is given. Find the best course of action.

Events E, E, E;

Probability — 0.2 0.5 0.3
Acts |

A 2 1 -1

A, 3 2 0

Ag 4 2 1

The expected value for each act is
A,:2(0-2) +1(0-5) -1(0-3)=0-6
A, :3(0-2) +2(0-5) + 0(0-3) =16

A5:4(0-2) +2(0-5) +1(0-3) =21

The expected monetary value for the act 3 is maximum. Therefore the best course of action
is As.

Example 6:

Given the following pay-off of 3 acts: A;, A, , A3 and theirevents E; , E,, Ej.

Act Ay A, Ay
States of Nature

E, 35 -10 - 150

E, 200 240 200

Ej 550 640 750
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The probabilities of the states of nature are respectively 0.3, 0.4 and 0.3. Calculate and
tabulate EMV and conclude which of the acts can be chosen as the best.

Events | Prob. Aq A, Ay
E, 0.3 35x0-3=10-5 -10x0-3=-3 -150 x0-3 =-45
E, 0.4 200x0-4=80.0 |240x0-4=96 200x 0-4 =80
Ej 0.3 550 x0-3=165-0(640x0-3 =192 750 x 0-3 = 225
EMV 255.5 285 260

The EMV of A, is maximum, therefore to choose A, .

Example 7:

A shop keeper has the facility to store a large number of perishable items. He buys them at
arate of Rs. 3 peritem and sells athe rate of Rs. 5 peritem. If anitem is not sold at the end of the
day then there is aloss of Rs. 3 peritem. The daily demand has the following probability distribution.

Number of Items demanded 3 4 5 6

Probability 02| 03| 03| 0.2

How many items should he stored so that his daily expected profit is maximum?
Solution:

Let m = number of items stocked daily
n = number of items demanded daily
Now, for n>m profit=2m
And for m >n profit=2n-3 (m-n)
=2n-3m+3n= 5n-3m

Pay-off Table

Stock (m) Demand (n)
3 4 5 6
3 6 6 6 6
4 3 8 8 8
5 0 5 10 10
6 -3 2 7 12
Probability 0.2 0.3 0.3 0.2
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Stock (m) Expected gain
3 6x0-2+6x0-3+6%x0-3+6x0-2=Rs.6-00
4 3x0-2+8x0-3+8x0-3+8x0-2=Rs.7-00
5 0x0-2+5%x0-3+10x0-3+10x0-2=Rs.6-50
6 -3x0:2+2x0:3+7x0:-3+12x0-2=Rs.4-50

Thus the highest expected gain is Rs. 7.00 when 4 units stocked. So, he can store 4 items
to get maximum expected profit daily.

Example 8:

A magazine distributor assigns probabilities to the demand for a magazine as follows:

Copies demanded: 2 3 4 5

Probability : 0.4 0.3 0.2 0.1

A copy of magazine which he sells at Rs. 8 costs Rs. 6 How many should he stock to get

the maximum possible expected profit if the distributor can return back unsold copies for Rs. 5
each?

Solution:

Let m = no of magazines stocked daily
n = no of magazines demanded

Now,
for n > m profit = Rs. 2m
and form >n, profit = 8n—-6m + 5(m - n)
= 8n-6m+5m-5n
= 3n-m

Pay-off Table

Stock (m) Demand (n)
2 3 4 5
2 4 4 4 4
3 3 6 6 6
4 2 5 8 8
5 1 4 7 10
Probability 0.4 0.3 0.2 0.1
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Stock Expected Profit (in Rs.)
2 4x0-4+4%x0-3+4x0-2+4x0-1=4-0
3 3x0:4+6x0-3+6x0-2+6x0:1=4-8
4 2x0-4+5x0-3+8x%x0:-2+8x0-1=4-7
5 1x0-4+4x0-3+7x0-2+10x0-1=4-0

Thus the highest expected profit is Rs. 4.8, when 3 magazines stocked. So, the distributor
can stock 3 magazines to get the maximum possible expected profit.

2.7 Decision Tree Analysis:

A decision problem may also be represented with the help of a diagram. It shows all the
possible courses of action, states of nature and the probabilities associated with the states of
nature. The 'decision diagram' looks very much like a drawing of a tree, therefore also called
'decision tree'.

A decision tree consists of nodes, branches, probability estimates and pay-offs. Nodes are
of two types, decision node (designated as a square) and chance node (designated as a circle).
Alternative courses of action originate from decision node as the main branches (decision branches).
Now at the terminal point of decision node, chance node exists from where chance nodes, emanate
as sub-branches. The repsective pay-offs and the probabilities associated with alternative courses
and the chance events are shown alongside the chance branches. At the terminal of the chance
branches are shown the expected pay-off values of the outcome.

There are basically two types of decision trees-deterministic and probabilistic. These can
further be divided into single stage and multistage trees. A single stage deterministic decision tree
involves making only one decision under conditions of certainty (no chance events). In a multistage
deterministic tree a sequence or chain of decisions are to be made. The optimal path (strategy) is
one that corresponds to the maximum EMV.

In drawing a decision tree, one must follow certain basic rules and conventions as stated
below:

1. Identify all decisions (and their alternatives) to be made and the order in which they must be
made.

2. Identify the chance events or state of nature that might occur as a result of each decision
alternative.

3. Develop a tree diagram showing the sequence of decisions and chance events. The tree is
constructed starting from left and moving towards right. The square box denotes a decision
point at which the available courses of action are considered. The circle O represents the
chance node or event, the various states of nature or outcomes emanate from this chance
event.
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4.

Estimate probbailities that possible events or states of nture will occur as a result of the
decision alternatives.

Obtain outcomes (usually expressed in economic terms) of the possible interactions among
decision alterntives and events.

Calculate the expected value of all possible decision alternatives.

Select the decision alternative (or course of action) offering the most attractive expected
value.

Advantages of Decision Tree:

1. By drawing of decision tree, the decision maker will be in a position to visualise the entire
complex of the problem.

2. Enable the decision maker to see the various elements of his problem in content and in a
systematic way.

3. Multi-dimensional decision sequences can be strung on a decision tree without conceptual
difficulties.

4, Decision tree model can be applied in various fields such as introduction of a new product,
marketing strategy etc...

Example 9:

A manufacturing company has to select one of the two products A or B for manufacturing.

Product Arequires investment of Rs. 20,000 and product B of Rs. 40,000. Market research survey
shows high, medium and low demands with corresponding probabilities and returns from sales in
Rs. Thousand for the two produts in the following table.

Market Demand Probbility Return from Sales
A B A B
High 0.4 0.3 50 80
Medium 0.3 0.5 30 60
Low 0.3 0.2 10 50

Construct an appropriate decision tree. What decision the company should take?
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High Demand (50)

0.4 20
ProductA /™  Medium Demand (30) 9
\J 0.3
Low Demand (10) 3
0.3
High Demand (80)
0.3 24

Product B /7 \__Medium Demand (60)

\_/ 0.5 30

Low Demand (60)

0.2 10
Market Demand A

X(000) | P PX X('000) P PX
High 50 0.4 20 80 0.3 24
Medium 30 0.3 9 60 0.5 30
Low 10 | 0.3 3 50 0.2 10
Total 32 64
Product Return (Rs.) Investment (Rs.) Profit (Rs.)

A 32,000 20,000 12,000

B 64,000 40,000 24,000

Since the profit is high in cse of product B, so the company's decision is in favour of B.
Example 10:

A farm owner is considering drilling a farm well. In the past, only 70% of wells drilled were
successful at 20 metres of depth in that area. Moreover, on finding no water at 20 metres, some
person drilled it further up to 25 metres but only 20% struck water at 25 metres. The prevailing cost
of drilling is Rs. 500 per metres. The farm owner has estimated that in case he does not get his
own well, he will have to pay Rs. 15,000 over the next 10 years to buy water from the neighbour.

Draw an appropriate decision tree and determined the farm owner's strategy under EMV
approach.
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The given data is represented by the following decision tree diagram.

Decision Event Probability [ Cashout flows | Expected Cash
out flow
Decision at point D,
1. Drill Water 0.2 Rs. 12,500 Rs. 2,500
upto 25 Struck
metres
No water 0.8 Rs. 27,500 Rs. 22,000
struck
EMV (Out Rs. 24,500
flows)
2. Do not EMV (out flow) = Rs. 25,000
Drill
The decision at D, is : Drill upto 25 metres
Decision at point D
1. Drill Water 0.7 Rs. 10,000 Rs. 7,000
Upto 20 struck
metres
No water 0.3 Rs. 24,500 Rs. 7,350
Struck
EMV (out Rs. 14,350
flows)
2. Do not EMV (out flow) = Rs. 15,000

Drill
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The decision at D, is : Drill upto 20 metres.

Thus the optimal strategy for he farm-owner is to drill the well upto 20 metres.

Exercise:

Choose the correct answers:

1.

Decision theory is concerned with

(a) The amount of information that is available

(b) Criteria for measuring the 'goodness' of a decision

(c) Selecting optimal decisions in sequential problems

(d) Allof the above

Which of the following criteria does not apply to decision making under uncertainly

(&) Maximin return

(b) Maximax return

(c) Minimax return

(d) Maximize expected return

Maximin return, maximax return and minimax regret are criteria that

(a) Lead to the same optimal decision

(b) Cannot be used with probabilities

(c) Bothaandb

(d) None of the above

Which of the following does not apply to a decision tree?

(a) A square node is a point at which a decision must be made

(b) A circular node represents an encounter with uncertainty

(c) One chooses a sequence of decisions which have the greatest tprobability of
success.

(d) One attempts to maximize expected return

The criterion which selects the action for which maximum pay-off is lowest is known
as

(a) Max-min criterion (b)  Min-max criterion

(c) Max-max criterion (d)  None of these
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Fill in the blanks:

6.
7.

10.

Decision trees involve of decisions and random outcomes.

One way to deal with decision making in the ‘uncertainity’ context is to treat all states of
nature as and maximize expected return.

Maximizing expected net rupee return always yields the same optimal policy as
expected regret.

The different criteria for making decisions under risk always yields the same
choice.

In decision under uncertainty, the Laplace criterion is the least conservative while the
criterion is the most conservative.

Answer the following:

11.
12.
13.
14.
15.

Explain the meaning of 'statistical decision theory'.

What techniques are used to solve decision making problems under uncertainty?
Write a note on decision tree.

What is a pay-off matrix?

Desribe how you would determine the best decision using the EMV criterion with a
decision tree.

Problems:

16.

17.

The pay-off table for three courses of action (A) with three states of nature (E) (or
events) with their respective probabilities (P) are given. Find the best course of action.

Events Acts E, E, Es
Aq 25 2.0 -1
A, 4.0 2.6 0
Aj 3.0 1.8 1
Probability 0.2 0.6 0.2
Calculate EMV and thus select the best act for the following pay-off table:
States of Nature | Probability Pay-off (Rs.) by the player
A B C
X 0.3 -2 -5 20
0.4 20 -10 -5
Z 0.3 40 60 30
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18. Consider the pay-off matrix:

States of Probability Act Aq Act A, Act A,

Nature do not Expand Expand
Expand 200 units| 400 units

High

Demand 04 2500 3500 5000

Medium

Demand 0.4 2500 3500 2500

Low

Demand 0.2 2500 1500 1000

Using EMV criterion decide the best act.

19.  Apply (i) maximin (ii) minimax regret to the following pay-off matrix to recommended
the decisions without any knowledge of probability.

States of nature

Act S, S, S,
a, 14 8 10
a, 1 10 7
as 9 12 13

20. A shop keeper of some highly perishable type of fruits sees that the daily demand X of
this fruit in his area the following probability distribution.

Daily Demand (in Dozen) ; 6 7 8 9

Probability : 0.1 0.3 0.4 0.2

He sells for Rs. 10.00 a dozen while he buys each dozen at Rs. 4.00. Unsold fruits
in a day are traded on the next day at Rs. 2.00 per dozen, assuming that the stocks the
fruits in dozen, how many should he stock so that his expected profit will be maximum?

[Hint: Profit = 6m forn>m
=10n-4m+ 2 (m - n)

=8n-2m for n <m]

21. Aflorist, in order to satisfy the needs of a number of regular and sophisticated customers,
stocks a highly perishable flowers. A dozen flowers cost Rs. 3 and sell at Rs. 10.00

any flower not sold on the day are worthless. Demand distribution in dozen of flowers
is as follows:
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22.

23.

24,

Demand 1 2 3 4
Probability 0.2] 03| 03] 0.2

How many flowers should he stock daily in order to maximize his expected net profit?

A florist stock highly perishable flower. A dozen of flower costs Rs. 3.00 and sells for
Rs. 10.00 Any flower not sold the day are worthless. Demand in dozen of flowers is as
follows:

Demand in Dozen 0 1 2 3 4
Probability 01| 0.2] 04] 0.2 0.1

Assuming that failure to satisfy any one customer's request will result in future lost
profit amounting to Rs. 5.00, in addition to the lost profit on the immediate sale, how
many flowers should the florist stock to expect maximum profit?

A newspaper agent's experience shows that the daily demand 'x' of newspaper in his
area has the following probability distribution.

Daily Demand (x) 300 | 400| 500 | 600| 700
Probability 01 03|04 | 01|01

He sales the newspapers for Rs. 2.00 each while he buys each at Rs. 1.00 Unsold
copies are treated as scrap and each such copy fetches 10 paisa. Assuming that he
stock the newspapers in multiple of 100 only. How many should he stock that his
expected profit is maximum?

Suppsoe that a decision maker faced with three decision alternatives and four states of
nature. Given the following profit pay-off table.

States of nature
Acts S| Sy | S3 Sy
a 16 |10 |12 | 7
a, 13 | 12 |9 9
as 11 14 |15 14

Assuming that he has no knowledge of the probabilities of occurrence of the states
of nature, find the decisions to be recommended under each of the following criteria.

(i) Maximin
(i) Maximax

(iif) Minimax Regret
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25. Pay-off of three acts A, B and C and states of nature X, Y and Z are given below:

Pay-off (in Rs.) Acts
States of Nature A B C
X -20 -50 2000
Y 200 - 100 - 50
4 400 600 300

The probabilities of the states of nature are 0.3, 0.4 and 0.3. Calculate the EMV for
the above and select the best art.

2.9 Answers:
1.

1. (d) 2. (d) 3. (b) 4. (c) 5. (a)

1.

6. Sequence 7. Equally likely 8. Minimizing 9. Optimal 10. Minimax
IV.

16. A, is the best
17. Select Awith the highest EMV Rs. 194

18. EMV: 3200, decide Act Az, expand 400 units
19. (i) maximin : Act ag

(i) minimax regret Act a;
20. So the shop keeper should stock 8 dozen of fruits to get maximum expected profit.
21. He should stock 3 dozen of flowers to get maximum expected net profit.
22. He stocks 3 dozen of flowers to expect maximum profit Rs. 9.50

23. To stock 405 copies so that his expected profit is maximum

24. (i) Act az is recommended
(i)  Act a4 is recommended

(i) Act a3 is recommended
25. EMAfor Ais highest. So the best act Ais selected.
Lesson Writer

B. Rami Reddy



Lesson - 3 Linear and Quadratic

Equations

3.1 Objective of the lesson:

3.2

After studying thislesson, you should be able to understand -

- Linear equation, identities.

- To solve quadratic equations.
- Nature of the roots.

- To form an equation.
Sructure:

Thislesson hasthefollowing components:

3.3 Introduction

3.4 Linear Equation

3.5 Problems based on equation.

3.6  Problems regarding members

3.7 Problems regarding ages

3.8 Problems regarding geomendry
3.9 Problems regarding costs

3.10 Quadratic Equations (Q.E.)

3.11 Solving Q.E. by factorization

3.12 Solving Q.E. using general method
3.13 Equations reducible to quadratics
3.14 Discriminant and nature of the roots
3.15 Answersto SAQ

3.16 Summary

3.17 Technical Terms

3.18 Exercise

3.19 Answers to exercise

3.20 Model gquestions

3.21 References
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3.3

root.

3.4

Def:

3.4.1

3.4.2

Sep 1
Sep 2:

Sep 3

3.4.3

| ntroduction:

Any two algebraic expressions connected by the sign of equality (=) form an equation.
Thus 3x +1= x+5; x —=1=2x + 3 are all equations.

A number which satisfies an equation is called the solution of the equation. A solutionisalso called

Linear Equation:

Anequation of theform ax + b= 0 , (a= 0) iscalledalinear equation or simpleequation or first
degree equationin x.

Here, the highest power of x (the unknown) isone, a and b are constant numbers, also ais
known as a co-efficient of x.

2 . :
Thus 2x +5=0, 4x =0, 3 X + 7 = 3 arethe examples of linear equations.

Solution of the linear equations:

-b
The solution of thelinear equation ax + b=0, a= 0 is =
Note: A linear equation has one root only.
Rules for solving linear equations:
In solving thelinear equation, thefollowing steps are usually used.
Clear thefractions by multiplying both sides of the equation, by the L.C.M. of denominators.

Transpose all terms contai ning the unknown to the left side and remaining termsto theright side.
Combine the terms of both sides.

Divide both sides of the equation by the co-efficient of the unknown.
Thisgivestherequired root.

2(x —4) X+ 1
Examplel: Solve ——— =5-
3 6
Solution: To clear the fractions multiply both sides of the given equation by L.C.M of

denominators 3, 6 ie 6 (L.C.M. of 3,6 = 6) weget

(x +1)

8

2 2(x-4)

Kx \& =6><5—E><




+{B usiness Mathematics ]4'+++++++++++++++++++++++++++++++++[ Linear and ... ]++

=4(x-4)=30-(x+1)
=4x-16=30-x-1
= 4x +x=30-1+ 16 (transposing)

= 5x =45

45
= X = 5 - 9 Whichistherequined solution
2x -3 3x-1

2x—1:3x+5

3.44 Example: Solve

Solution: Cross multiplying wefind

(2x -3) (3x +5) = (3x —1)(2x - 1)

= 6x2+10x—9x—15 = 6x2—3x -2x+1
= X-15= -5x +1
= X+ 5x=1+15

= 6X =16

3.45 Example: Solve
X-2 XxX-3 X

2 5 3(x-3)+2(x-2 5
L2 5 _3(x-3r2Ax-2) _

Solution: —= —
w2 T C3 T x (x-2)(x-3) X

3Xx-9+2x-4 5
- g

x> _5x + 6 X
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5x - 13 5
:>2X—=—:>x (5x —13):5(x2—5x+6)
X
X~ —5X+6

— 5x% — 13X = 5X°— 25 + 30 = 25X — 13X = 30

30 5
12X =30 X=— DX =—= X =2—
12 2 2

Whichistherequired solution

X-6 x-4 X—-2 ]
3.4.6 Example: Solve = + =8- 7 , findp if x—-p=1

Solution:

3(x-6)+5(x-4) 7x8-(x-2)
- 15 - 7

3x-18+5x-20 56-Xx + 2
15 B 7

=

8x —38 58 — x
5 7

=

= 7(8x - 38) =15 (58 - x)
= 56X — 266 = 870 — 15x
= 56X +15x = 870+ 266

= 71x = 1136

1136
= X=——0
71

= x=16
puttingx =16 isx-p = 1weget
16-p=1 =>-p=1-16

= -p=-15 = p = 15 whichistherequired solution.
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3.5 Problems based on equation:

According to given statement, equation isto be framed and henceto solve. For thisonevariableis
to be used.

Steps: ()  Readthegiven problem carefully.
(i)  Represent the quantity to be calculated by the variable x (or y)
(i) Forman eguation intermsof x according to given problem.
(iv) Solvetheequation.
3.6 Problemsregarding members:
3.6.1 Example: Threetimesanumber diminished by threeisequal to 30. Find the number.

Solution:  Let the number be x. According to problem we have

3x-3=30 = 3x=30+3

=3x=33
33

=X =—
3

=x=11

-, required number = 11

3.6.2 Example: Anumber consistsof twodigits, thedigitintheunit'splaceisthricethatintheten'splace
and if 1 isadded to the sum of the digits, the addition is equal to one third of the number. Find the
number.

Let x = thedigit in the ten's place.
Then 3x = Thedigitinthe unitsplace

Clearly the number is10x + 3 X

1
By condition of the problem, (x + 3x + 1) = 3 (10 x + 3x)

= 4x +1=—(13x)

wl

= 3(4x+1) =13x

=12x +3 =13Xx
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=12x - 13x=-3

The required number is 10x + 3x = 10(3) + 3(3) = 39

3.7 Problems regarding ages.

3.7.1 Example: Theage of afather and his son together are 90. IF the age of the sonisdoubled, it will
exceed the father's age by 15 years. Find age of each.

Solution: Let father'sage = x years then son'sage= 90 - x
By condiiton, 2(90 - x) =x +15

= 180 - 2x=x+15

= -2x-x=15-180

= -3x=-165

165
:>3X=165:>X=?=55
= x =55
-, Father'sage = 55 years
Son'sage = 90-x = 90-55 = 35years

3.7.2 Example: A father'sageiseight timesthat of hisson. After 10 yearsthe father's age will be three
timesthat of hisson. Find their present ages.

Solution: Let son'sage = x years, then fathers age = 8 x years.
After 10 years, Son'sage = (x + 10) years
Father'sage = (8 x + 10) years
By condition, 8x + 10 = 3(x + 10)
= 8x +10=3x+30

=8x-3x=30-10
=5x=20

=>x=4
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- Son'spresent age = 4 years
Father'spresent age = 8x = 8(4) = 32years.
3.8 Problemsregarding geometry:

3.8.1 Example: Thelength of rectangleis4 cm morethan the breadh. The perimeter is11 cm morethan
the breadth. Find the length and breadth of the rectangle.

Solution: Letlength= x cm, Thebreadth = (x - 4) cm
-, Perimeter = 2 (length + breadth)
=2(xX+x-4=22x-4) =(@4x -8 cm
It isgiven that perimeter = breadth + 11 cm
LAx—-8=(x-4)+11
= 4xX-8=x-4+11= 4x-x=-4+11+8

15
=3x=15= X :3:5

Hence, length of therectangle= 5cmand breadth = 5-4 = 1cm.

3.8.2 Example: Equal sidesof anisocelesstriangleare(3x + 1) and 4x - 3. IFthethird sideis2x. Find
x and also the perimeter of the triangle.

Solution: In isoceless triangle two sides are equal

By conditionwehave, 3x + 1 = 4x - 3

=3x-4x=-3-1

= —Xx=-4

=>x=4

Perimeter =3X +1+4x -3+ 2x=9x -2

For x = 4, Perimeter = 9(4) - 2 = 34 units.
3.9 Problems regarding costs:

3.9.1 Example: By sellingacarfor Rs. 72,000 aperson made aprofit of 20%. What was the cost price
of the car?

Solution: Let the cost price of the car = Rs. X

. 20 X
Profit = 20% of Rs X=Rs —x X = Rs —
100 5
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6
- SP of thecar = Rs(x +§j =_X
5 5

According to the given problem, we have

S.Pof car = Rs. 72,000
6X
= = = 72,000

= 6X =72,000x5

72,000 x 5

=X =12,000 x 5 = 60,000

Hence, the C.P. of thecar = Rs. 60,000

3.9.2 Example: On the occasion of Diwali, Khadi Bhandar allowed discount of 20% on all textiles and
25% on readymade garments. Hari paid Rs. 180 for agown., What was the marked price of the
gown?

Solution: Let the marked price of the gown = Rs. X
) ) 20 X
Discount onall textiles @ 20% = —x X = —
100 5

X 4X
-, Cost Price after first discount = Rs. (x - EJ = Rs?

4x
Discount on ready made garments @ 25% of 5

25 4x X
= RS. —_— X — = —
100 5 5
. 4x X
-, C.P. of thegown after second discount = Rs. [? _gj
3x
5

According the given problem we have

3x
?:180 = 3x=180x5
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180x 5

= X = 60x 5= 300

Hence, marked price of gown = Rs. 300
3.10 Quadratic Equations (Q.E.):

Def: An equation with one variable, in which the highest power of the variable is two, is known as a
quadratc equation.

The standard form of aquadratic equationis ax’+bx+c=0 wherea, b and c areall real

numbersand a= 0.
For Example:
4x2 + 5X — 6= 0 isaquadratic equation in standard form.

3.10.1 Def:  Every quadrtic equation givestwo values of the unknown variable and thesevaluesare called
roots of the equation.

3.10.2 Zero Product Rule: Whenever the product of two expressioniszero; atleast one of the expression
iszero.

If (x+3)(x-2)=0then x+3=0 or x-2=0

=>x=-30rx=2
3.11 Solving (Q.E.) by factorization:

Steps: (i) Clear al fractions and brackets if necessary.

(i)  Transposeall thetermsto theleft hand sideto get an equation in theform ax’+bx+c=0

(iii)  Factorise the expression on the left hand side.

(iv)  Put each factor equal to zero and solve
3.11.1 Example: Solve 2x2 —-7x=39
Solution:  2x* —7x = 39 = 2x” —7x-39=0
— 2%x% _13x + 6X —39=0 (Factorising the | efthand side)

= x(2x -13) +3(2x -13)=0
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= (2x-13)(x+3)=0
= 2x-13=0 or x + 3=0 (Zero product rule)

=2X=13 or x=-3

13 3
= X=— o X=-
2

3.11.2 Example.  Solve xZ = 5x

Solution: x2=5x :x2—5x=0
= x(x-5)=0
= xXx=0 o x-5=0

=Xx=0 or x=5

-1 1
3.11.3 Example: Solve o +X_ = 2=
x-1 X 2

Solution: X + = 21
2

x% + (x —1)? 5

T
= 2[x2+x2—2x+1]: 5x (x —1)
:>2(2x2—2x+1)=5x2—5x

= 4x° — 4x + 2=5x° - 5x

2
= X +X+2=0

= x2 —-Xx-2=0 (Changing the sign of each term)

:>x2—2x+x—2=0
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=>x(x-2)+1x-2)=0
=(x-2) (x+1)=0 (ontactorising)
=>X-2=0 o x+1=0
= x=20 x=-1
3.11.4 Example: Find the quadratic equation whose solution setis { -2, 3} .
Solution: Since, solutionset = {-2, 3}
=>X=-20 X=3
=>Xx+2=00 x-3=0

= (x+2)(x-3)=0
2
=X —-3X +2Xx-6=0

= x2 -x-6=0
Whichistherequired quadratic equation.
3.12 Solving the quadratic equation using general method:

L et the quadratic equation be ax® + bx+c = 0, a=0, ax® + bx = —c-

Multiplying both sides by 4awe get
4a2 x2 + 4abx = —4ac
Adding b2 on both sides, we get
4a°x” + 4abx + b” =b® - 4ac

= (2ax + b)2 = b® - 4ac

:>2ax+b=4_r\/b2—4ac
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:>2ax:—bi\/b2—4ac
—bi\/b2—4ac

2a

=X =

3.12.1 Formula: Theroots of the quadratic equation ax” +bx +c=0 ,a= 0 are

—b+«/b2—4ac —b—«/b2—4ac

X = ,
2a 2a

If o, B aretheroots of the quadratic equation ax2 +bx+c=0 then

—bi\/b2—4ac

o, p=
P 2a

-b +\/ b2 —4ac —b—«/b2 —4ac
+

Sum of theroots =a +p =

2a 2a
-2b -Db
~ 2a a

—b  —coffi - of x
sum of theroots=a +B=—=———

a  coffi - of x°

2a 2a

Product of theroots = o = [

b2 - b2 +4ac 4ac
4a° 42> @
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c constnat
Product of theroots=of=—=——
a

coffi of x2

Formation of an equation:

If o, B aretheroots of an equation are given. Then the equation can be written as

x% - (sum of theroots) x + Product of the roots=0

e | x? —(a+B)x+afp =0

3.12.2 Example: Solve x> —7x +12=0
Solution: Comparing x2 —7x +12 =0 with ax2 + bx + ¢c=0 weget

a=1,b=-7,c=12.

~bxyb’—dac  —(-7) £y(-7)* - 4112

andso, X = =
2a 20D
7+.49-48 7+1 7+1 7-1
B 2 2 2 2
8 6
=— ,—=4,3
2'2

3.12.3Example: Solve ,/3 X2 + 11X + 6,3 =0

Solution: Hence a=\/§ ,b=11,c=6\/§

X_—bi\/b2—4ac _—11i\/112—4-\/§-6\/§ -11x 49

-11+7 -11+7 -11-7 -4 -18

23 2y3 23 23 23
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-2 —9_—2Xﬁ —9X\/§
INER RN ERN NN

(Retionalizing)

‘Zﬁ,_gﬁ

3
3.12.4 SA.Q.: Form the quadratic equation whose roots are 2, 3.

3.13 Equationsreducible to quadratics:

There arevarioustypes of equations, not quadratic in form, which can be reduced to quadratic forms
by suitabletransformation, asfollowing examples.

3.13.1 Example: Solve x4 - 1Ox2 +9=0
Solution: Taking x? = u, wefind u?-10u+9=0
2
=>UuU -9u-u+9=0
=u(u-9)-1(u-9)=0
=(Uu-9)(u-1)=0
=>u-9=0,u-1=0
=u=9 oru=1
when y-9—x?=9=x=4+3
when y=1=x’=1=x=+1
3.13.2Example:  Solve (1+ x)]/?’ +(1- x)]/3 _ Y8
Solution: Given equationis
1+ x)]/3 + (1—x)]/3 = 2¥3

= (14 %)+ (1- %)+ 31+ )3 1= x)P3 [+ Y2 + (1-x)¥2] = (2+2)°

(cubing on both sides)
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3X=\/I=i1

3.13.3Example. Solve 4 _3 2X*2 . 2° _

Solition: Givenequationis 4% — 3 2**2 . 2°_ ¢
= 22X _32%.2%2 132-0

2
—(2) —122° + 32=0
putting 2" = u then
2 2
u -12u+32=0 = u -8u-4u+32=0
=>u(4-8)-4u-8)=0=>(u-8)(u-4)=0

=>u-8=00ru-4=0=u=8,4
when y=8 = 2*=2°=x=3

when u=4=2° 2° = x=2
1)? 1
3.13.4 Example: Solve Z(X + ;j - 7(x + ;) +5=0

. 1 .
Solution:  Let X v u then the equation is
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2u2—7u+5=0=2u’-5u-2u+5=0
= u(2u-5)-1(2u-5)=0
=(2u-5) (u-1)=0

=2U-5=0 oru-1=0

5
= u=— or u=1
2

:>2x2+ 2 = 5X

2
=2X -5x+2=0

2
=2X —-4X-X +2=0
= 2x(x-2)-1(x-2)=0
=(x-2)(2x-1)=0

=>Xx-2=0 or 2x-1=0

1
=X =20rX=—
2

1
when u=l=ox+—-=1=
X X

:>x2—x +1=0

“(=1) £(-1)% - 411
( ) ( ) herea:l,b:-l,C:]__

_1+1-4 1%/-3
2

2

, There values are rejected as they are not redl

'.x=2,£-
2
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3.14 Discriminant and nature of theroots:

Def: For the quadratic equation ax’ +bx +c= 0, a# 0; theexpression b® - 4ac is caled
discriminant and is, in general denoted by theletter A .

Thus, discriminant A = b2 —4ac

3.14.1 To examine the nature of theroots: Examine the roots of a quadratic equation means to see the
type of itsrootsi.e. whether they arereal or imaginary, rational or irrational, equal or unequal.

Thenature of theroots of aquadratic equation depends entirely on the value of itsdisriminant

b2 —4ac-
Case (1): When b% - 4ac >0

b® - 4ac >0= b® - 4ac is positive then the roots are real and un equal.

More over:

@) If b2 — 4ac isaperfect square and b isirrational then theroots areirrational and unequal.

(i) If b2 —4ac isaperfect squareand a, b and c arerational then, the roots are rational and
unequal.

@iy If b2 — 4ac isnot a perfect square, then the roots areirrational and unequal.

Case (2): When b® — dac = 0

If b2 —4ac = 0, thentherootsarereal and equal and theroot is ;_b
a

Case (3): When b2 —4ac< 0
If b2 —4ac< 0 i.e b2 — 4ac is negative, then the roots are not real i.e. the roots are

imaginary.
3.14.2 Example: Without solving, examinethe nature of the roots of the equations.

(i) 5x° —6x+7=0 (i) x° +6x +9=0 (iii) 2x°+6x+3=0 (iv) 3x° =5x +2=0
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Solution: (i) For the equation 5x2 —-6Xx+7=0

a=5,b=-6, c=7.
-, Discriminant A = b” - 4ac = (- 6)2 — 4-(5) - (7) = 36 — 140 = — 104

= A isnegative

= therootsarenot real. i.e. theroots are imaginary.
(i)  Fortheequation x>+ 6x+9=0,a=1,b=6, c=9-

Discriminant A = b2 —4dac= b2 - 419=36-3=0

= theroots arereal and equal.
(i) Fortheequation 2x° + 6x +3=0, a=2,b=6,c= 3

Discriminant A = b2— dac = 62 —4.23=236-24 =12
A =12 whichispositive
= therootsareirrational and un equal.

(iv)  Fortheequation 3x2 -5x+2=0,a=3 b=-5,c=2-

Discriminant, A =b® - 4ac=(-5)>-4-3.2=25- 24 =1
A =1 which is a perfect square.
= theroots arerationa and un equal.
3.14.3 Example: For what value of m will the equation.
(m+1)x* + 2(m+3)x + (2m+3) =0 have equal roots.
Solution: Since the discriminant for equal rootsis zero. We have
A=b? - 4ac=0
= 4(m+3)° —4(m+1)(2m+3)=0
= m2 -m-6=0

=>m=3,-2-
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3.14.4 Symmetrical Expressions: An expression in a and p is said to be symmetrical if it remains
unchanged by interchangeof o and . Thus o +  becomes  + o by inter changeof o and 3.
Therefore o + p issymmetricin o and 3.

1 1 .
=+ - are symmetricin oo and B.

- 1 1
S|m|Iarchx2+[32,a3+[33,0c[3,—+—, 50
a B g B
. 3,,2 2 2 .
Notee o —-fB,a” +B°,a" —aPf+p" aenot symmetricin o and .

3.14.5 Example: If o and B arethe roots of the equation ax2 + bx + ¢=0 findthe vaue of

2
(Da—meaﬂﬁ?Gma%fHﬂﬁxw%ﬁ_Ejawwyl+iu
B o o pl

Solution: Since o, B aretheroots of equation ax2 +bx+c=0,

Wehavea+[3=__b,aB=E
a a

2 2
0 a-pelasp -ap - (2] - LR R

—b)? b% -2
(i a2+BZ=(a+B)2—2aB=(_aJ ‘ZEZTM

(i) o7+ o B = B (a3 .\ Bs)
=((XB)4~(OL+B)(OLZ+B2—(XB)

=(aB)* - (a+B)| (a+B)* -3up]

(Y -2y
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_—bc4 [b2—3ac}

a

b 2
=— 2(b —4ac)
C a
(V) i+i_(x3+[3 (o +B)* —3aB(a+B)
B OB (aB)

b’ 3hc
a  a [b3+3ach /3(3/ _3abc—b3
/da/ 3 3

C C
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3.14.6 Example: Form the equation whose rootsare (i) 6, 7 (ii) Si\/g

Solution: (i) The quadratic equation whoserootsare 6, 7 is
2 2
X" -(6+7)x+6-7=0=>x" -13x+42=0

(ii) The quadratic equation whoserootsare 5 + \/5 5 - \/5 is

x2—(5+\/§ +5—\/§)x + (5+\/§)(5—\/§):0
ie x%_10x+22=0

3.14.7 Example: (a) If o, aretheroots of x2 +p x +q= 0. Find the equation whose

1 1
22
(08

p

roots are

(b) If o, P aretherootsof the equation x2 - px +qg=0, findthe equation
whose roots are o , B2 .

Solution: (a) Since o, 3 arethe roots of x2 + px +g=0

o+ =-p,af=q

2 2 2
sumoftherootszinrizza;g Z(OHB) _220‘[3:(_p)2—2q
o B a” B (o B) q
2
_p -2q
2
q
Product of theroots:izxi2 = 1 5 :iz
a” B~ (aB)” g
. 1 1 .
The equation whose rotos are — . — IS

a B
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:>q2 x° —(p2—2q)x+1=0
()  Since a,p aretherootsof x* - px+qg=0
“a+B=p,ap=q-
Sum of the roots = o2 + B2 —(a+p)? -20p = p’-2q
Product of theroots = o, g = (ap)® = q°
. The equation whose roots are o | [32 is x° - (az + [32) X+ [32 =0
= xz—(pz—Zq)x +q2= 0
3.14.8 S A.Q.:  Find condition that one root of ax2 + bx + ¢ = 0 shal bentimesthe cther.
3.14.9 SA.Q.. FindK if therootsof 2 x° + 3x + k = 0 areequal.

3.14.10 Example: If the roots of the equation ax2 + bx + ¢ =0 may beintheratiom : n, prove
that m n b? —ac(m+n)’.

Solution: Since the roots of the equation areintheratio m: n. they can betakenas ma ,na -

Thensumoftheroots:ma+naz_—:>(m+n)oc=_—b (D
a
C 2 C
Product of theroots =mo.-na=—=mna == ---(2)
a a

Therequired condition can be obtained by eliminating o, between (1) and (2).

From (1) o= a(m—+n)
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Cc
amn

From (2) az =

:{a(r;in)rza;n

= mnb2=ac(m+n)2

3.15 Answersto SAQ:
3.15.1 Solution of SA.Q. 3.12.4:

The quadratic equation withroots 2, 3 is x? - (2+3)x+2x3=0

i.e x2—5x+6: 0
3.15.2 Solution of SA.Q. 3.14.8:

Let one root of the equation be o . Then other will be n o .

Sum of the roots: oc+n(x=_—b:>(x(1+n)=— (D)
a a

Product of theroots: (o) (na) = c ~no’=
a

-(2)

Cc
a

Eliminating oo from (1) & (2), therequired condition is

b2 n c 2
-5 =-=b n=ac(1+n)2
a“(1+n)” @
3.15.2 Solution of SA.Q. 3.14.9:
Giveequationis 2x%+3x+k=0

Comparing to given equation with ax2 +bx+c=0weget

a=2,b=3,c=k-
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Sincetherootsareequal . discriminant A = b? — 4ac =0

=342 (k) =0

=9-8k=0=> kzg-

3.16 Summary:
In thislesson we discussed the various methods solving linear equations and quadratic equation.

Some of theimportant points are

1. The quadratic equation is of theform ax2 +bx+c=0,a20,b,ceZ-

—bi\/b2—4ac

2. ax2 + bx + ¢ = 0 hastwo roots namely 22
. 2 -b C
3. If o, P aretherootsof theequation ax™ + bx +c=0then a+f=—,af=—
a
4, A=b2_4acinthediscriminantof ax2+bx+c=0-

5. Nature of the roots

@i) If A >0 then ax2 + bx + ¢ = 0 hastwo real and distinct roots.

(i) If A=0 then ax2 + bx + ¢ = 0 hasequa rootsthat are real.
(iii) If A< O then ax2 + bx + ¢ = 0 hasimaginary roots.

6. The quadratic equation withroots o , B is x% - (a+B)x+aPf=0-

3.17 Technical Terms:
Linear Equation
Solution or Root
Quadratic Equation
Discriminant A

Symmetrical
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3.18 Exercise:

Solve the following:

3+5_8
X-2 X-6 X+3

1. ()

(i) 4x_XT‘1:x+2(X5‘1)+3
(iii) 6E_X—7:4X—2
3 5
vy X, b_a b
b x b a
X X+3

2. () 25x°=16 (i) (i) x*-23x+1=0

x+2=5(x+11)

= = +
X—2 X-3 Xx+2 x+3 q p X—-p X-(

i)y 2 2 . X 1—x_21
4. () x“-6x+9=4+x"-6x+6 i V1 "V x ~ %%

5 Solve x+«/12a—x:\/§+1
X —412a-x \/3—1

6. Find the value of \/6+«/6+ [64+ -+ - oo

7. If a,p aretheroots of 2)(2 +3x+7 0, findthevaluesof

3. (i) X+2+X+3_X—2+X—3 (ii) x—p+x—q_ q P

M) o®+p% () o®+p% Gi) a*+p* (V) ap™+pa

® (o2 -p) +(p?-a)” o) o*-

8. Form the quadratic equation whose roots are

() 4+i2 ,4-iJ2 (i) p+yaq.p-4aq
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9. If o,p aretheroots of x? — 2x + 3= 0 fromthe quadratic equations whose roots are
(i) o +3, p+3 (i) 20.-3p, 3a -2 (i) = £ vy ¢-t P-d
Ll H B o a.}-l’ B+1

10. If p, garetheroots of the equation 3x2 + 6X + 2 = 0 show that the equation whose roots are

2 2
- -q
—— and —— is 332 _ -
q p 3X 18x +2=0
3.19 Answersto exercise:

b2
@3 ()1 (i) 8 () -

2 () * g (ii) # y 649 (i) 3 2
p2+q2
. ) 0 b,
3 (i) 0,+6 (i) i a p+q
4 9

4 @) 3+23,5,1- () 513

5) X =3a or —4a

6 3 -2

-19 99 -31 - 19 61 -5
D0 ) g i) g ) g Mg ) V4
8§ () x°-8x+18=0 (i) x*-2px +p°-q=0

9 (i) 3x%+ 2x+3=0 (iv) 3x%— 2x+1=0
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3.20 Moded questions:

1 If the roots of the equation ax2 +bx +c =0 beintheratio p : q provethat ac(p + q)2 —p? pg-
2. If the roots of x2 - px+q=0 are o and B, provethat
3 2 2 4 2
1 1 p p o B p
() 3t 3~ 3 33 (i) 2+t 2-2"457%72
a B g q B” o g q
3. FindK is

(i) Theroots of 2x2 +3x +K =0 areequal.

(if) One of the roots of the euation x2 _6x+K=0is 3+i \/E

4. Solve 1-5x +,/1-3x =2

2
5. Solve(x—lj —6[x+1)+12=0
X X

3.21 References:
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Lesson-4 Arithmetic - Geometric
and Harmonic Progressionss

4.1 Objective of the lesson:
After studying thislesson, you should be able to understand -
- Arthmatic progess on, its sum, arithmetic mean and itsapplication in solving problems.
- Gemetric mean and itsapplicationsin solving problems.
- Harmonic mean and its application in solving problems.
N

Relation between A.M, GM. and H.M.

4.2  Sructure:
Thislesson hasthefollowing components:
4.3 Introduction
4.4  Arithmetic Progression
4.5 Geometric Progression
4.6 Harmonic Progression
4.7 Answersto SA.Q.
4.8 Summary
4.9 Technical Terms
4.10 Exercise
4.11 Answer to Exercise
4,12 Model Questions

4.13 References

4.3 Introduction:

In thislesson we shall discusstwo special types of serieswith sequencesincreasing or decreasing by
an absolute quantity or a certain ratio designated as arthemetic, geometric and harmonic progressions
respectively.

4.4 Arithmetic Progression (A.P.):

A.P. isasequence of quantities, when the algebraic difference between any term and the preceding
oneis constant. Thisalgebraic difference is known as Common Difference (C.D.).  Thusthe series
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() 1,3, 5 7, ..., (i) 2,0, -2, -4, ... aeinA.P.
HereCD. n (i) is2 (as 3-1 =5-3

1]
\'
1
1]

....... ) and C.D.in (i) is
2 (@ 0-2=-2-0=-4-(-2

1
~

Itisclear thatinA.P. eachtermisformed from the preceding term by adding to it a constant qunatity
(i,e. CD.)

|C-D- = Any term — its preceding term|

4.4.1 The general form A.P. and Arithmetic Seris:
The arithemetic progression a,a+d,a+2d,a+3d, ---

Whose first term is a and the common difference is d, is designated as the standard form of an
arithmetic progression.

The corresponding arithimetic series
a+(a+d)+(a+2d)+(a+3d)+ ---
is designated as the standard form of Arithmetic Series.
4.4.2 The nth term of an A.P.

Let abethefirst term and d be the common difference. Then

First Term t1 a

Second Term t2 =a+d

Third Term t3 a+ 2d

n" Term t =a+(n-1)d

4.4.3 Example: Which term of the series 12 + 9 + 6 +
isequal to (i) - 30 (ii) - 100 ?

Solution: The seriesisinA.P.

First Term a = 12

Common difference d = 9 - 12 = -3

" term t =a+ (n-1)d =12 + (n-1) (- 3)
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=12 -3n + 3

=15-3n

(i)  Suppose nth termis - 30. Then
15-3n=-30 = n=15

(i)  Suppose nth term is - 100. Then

115
15-3n =-100 =n =?

Which is impossible, because nh must be a whole number. Hence there exists no term in the series
whichisequal to - 100.

4.4.4 SA.Q.: Findthe nth term of the series. 3, 8, 13, 18, ........
4.45 Example. If a b, c arethe pth ,qth and 1" terms of A.P.
Showthat a(q—r)+b(r-p) + c(p—q) =0
Solution: Let theA.P. A, A+D, A+2D+ .......... then
a=A+(p-1)D
b=A+(q-1)D
c=A+(r-1D
L-H-S =a(q-r)+b(r-p)+c(p-q)
=[A+(p-2)D] (a-r)+[A+(@-2)D] (r-p)+[A+(r-1)D] (p-a)
=Ala-r+r-p+p-a] +D[(p-2)(a-1)+(a-D(r-p)+(r-1(p-a)]

=Ax0+Dx0=0=R-H-S-
4.4.6 Sum of ntermsof an A.P.;

Let abe thefirst term, d the common differenceand ¢ be the nth term (last term) of an A.P.
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To find the sum Sn of the first n terms of the A.P. we have
S, =a+(a+d)+(a+2d)+ ---+(¢—d)+¢
S,=(+({-d)+(¢-2d)+ ---+(a+d)+a (reverseorder)

Adding 2S, =(a+/) +(a+()+(a+0)+ - -+(a+ )+ (a+/)

n terms

2S, =n(a+/)

=[S, =

NS

(a+a)| ie s, =2 [first term + last term]

But ¢ = last term _nt" tem=a+(n-1)d

- S, =2 (a+a+(n-1) d)

Sy =g [2a+(n-1)d]

4.4.7 Properties of an A.P.:

If & b, c, d, ... areinA.P. and x is a constant quantity, then the following series
@) a+Xx,b+x,c+x,d+x, --- aein AP
(i) a-xX,b-x,c—-x,d-x, ---aein AP
@iy ax ,bx,cx,dx, --- areinA.R.
] a b c d )
(IV) Ty T T Ty coare In A.P.
X X X X

4.4.8 Arithmetic Mean:

When three quantitiesarein A.P. the middle oneis called the arthmetic mean (A.M.) of the
other two. If a, m, bareinA.P. Then misthe A.M. of aand b., and we have

m—a:b—m:>2m=a+b:>m:aer

+b
2

a
Hence, A.M. of aandb isequal to
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4.49 Def: If a,m,m,, ---,m,, b beinA.P, thentheintermediate numbers m; ,m,, -- - my

are callen the n arithmetic means between a and b.

4410 To insert n arithmetic means between a and b:

If a,m ,m,, ---,m,, b bethenarithmetic meansto beinserted between a and b, then

wehaveanA.P. consisting of (n + 2) terms of which aisthefirsttermand bisthe (n + 2)th term,

then

b=a+(n+2-1)d

b-a+(n+1)d= d=2—2
n+1

Hence the required n arithmetic means are

a+d,a+2d,a+3d, ---,a+nd-
ie, a+b_a,a+—2(b_a) ,a+—3(b_a) ’a+—n(b—a)
n+1 n+1 n+1 n+1
4411 Example: Show that
. 1
i) 1+2+3+ ---tonterms=M
(i) 1+3+5+ --- tonterms=n2
(i) 2+4+6+ ---tonterms = n(n+1)
Solution: (i) For sumto ntermsof anA.P.
Sn=2[2a+(n—1)d]
2
Here, a=1,d=1Ln=n
n n n(n+1)
5 S, :5[2'1+(n— )1] =5 (2+n-1) —

(i) Here a=1,b=2,n=n

Sn=2[2-1+(n—1)-2]
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_ 2

[2+2n-2]=n

NS

(i) Heea=2,d=2,n=n

-*%=2[22+W—32]

=2M+2n—ﬂ=nm+n
4.4.12Example: Insert 4 arithmetic means between 5 and 20.

Solution: Let m;,m,, Mgy, m, be the 4 arithmetic means between 5 and 20.

Then 5, m ., m,, m3,m4,20 areinA.P.

Here a = 5 and 6th term = 20.

Let d be the common difference. Then

20=6" tem = a + (6-1)d =a+ 5d
= 20=5+5d

= 20— 5=5d:>d=1—55=3

Therequired 4 arithmetic meansare a+d, a+2d, a+3d,a+4d-

i.e m1:a+d=5+3=8
m2=a+2d=5+2(3) =11

m,=a+3d = 5+3(3) =14

m, =a+4d =5+4(3) = 17

Hence, therequired 4 arithmetic means between5 and 20 are 8, 11, 14, 17.

4.4.13 Example: Find the sum of the following series.

) 1+4+7+10+ ---tod0terms.

(i) 2+7+12+17+ ---+102-
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Solution: ()  We have Sn=%|:2a+(n—1)d:|
Here a =1, d = 3, n = 40.

40
" Sy =7[2(1) +(40- 1) 3] = 20(2+117) 2380

@) Let n™ term = 102 then
a+ (n-1)d=102
=2+(n-1)5=102 (- Herea=2,d=5")
=2+ 5n-5=102

=5n=105=> n=21

.8, =S, = 2?1 [2(2) +(21-1) 5] (ra=2d=5n=21)

21 21
== (4+100) = > (104) =21x52=1092

4414 Example: Findthesumof all natural numbersbetween 200 and 400. Which aredivisibleby 7.

Solution: The natural numbers between 200 and 400 which are divisible by 7 are 203, 210, 217,
..... , 399. They forman A.P.

Herea = 203, d = 210-203 = 7.
nth term = 399
:a+(n—1)d=399:203+(n—1)7=399

399 - 203

=(n-1) 5

28

~n=28+1= 29

Now sum of all the numbers between 200 and 400 which aredivisibleby 7 is

S, =2[ 2a+(n-1) d]

Here a = 203, d = 7, n = 29,
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S,g = ? [2(203) + (29-1) 7]

=S 2—29 (406 +(28) 7) = 8729 -

4.4.15 Example:  Find the sum of natural numbersfrom 1 to 200 excluding those divisible by 5.
Solution: Therequired sum

=(1+2+3+ ---+200) -(5+10+15+ ---+200)=S, -S,

200
Where §=1+2+3+ ---+200=7(1+200)=20100

S,=5+10+ ---+200
Since, thelast term = 200, herea=5,d = 5, t, =200-
=a+(n-1)d = 200
:>5+(n—1)5=200:>5n=200
=n=40

Hence S,=5+10+ ---to 40 terms
40
= [2(5) +(40-1)5] = 20(10 + 195) = 4100

-. Therequiredsum =S - S, =20,100 - 4,100 =16,000 -

1

, , arein A.P. prove that a2 , b2 , 02 areasoinA.P.
b+c c+a a+b

4.4.16 Example: If

Solution: Since, ! , ! , ! aeinA.P.
b+c c+a a+b

~(c+a)(a+b),(b+c)(a+b), (b+c)(c+a) aedsoinA.P
(by multiplying eachtermby (a+b) (b + c) (c + a))

:>a2+(ab+bc+ca),b2+(ab+bc+ca),c2+(ab +bc + ca)

= a2 , b2 ’Cz are A.P. (by subtracting (ab + bc + ca) from each term)
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4.4.17 Example: A mansaved Rs. 16,500 inten years. In each year after thefirst he saved Rs. 100
more than he did in the preceding year. How much did he saved in thefirst year?

Solution: Here a = savingsin thefirst year = ?

n= number of years = 10, d = 100, Sn = 16,500.

n
Now, Sn==— [2a+(n-1)d]

. 16,500 = % [ 2a+(10-1)100 ]

16500
16,500 = 5(2s+ 900) = 2a + 900 = = = 3300

= 2a= 3300 — 900 = 2400

a=2%9_ 100
2
4.4.18 Example: 80 coins are placed in staright line on the ground. The distance between any two

consecutive coins is 10 meters. How far must a person travel to bring them one by one to a
basket placed 10 meters behind the first coin?

Solution:0

0 1 2 3 80

10|10|10| ‘

Letl, 2,3, ..., 80represent the positions ofthe coins and O that of the basket.
Thedistance covered in bringing thefirst coin = 10+ 10 = 20
The distance covered in bringing the second coind = 20 + 20 = 40
The distance covered in bringing the third coin = 30 + 30 = 60

and so on.

- 20, 40, 60, ... areinA.P. Here a = 20, d = 20, n = 80.

. Thetotal distance covered = 2 [2a+(n-1)d]

80
== [2(20) +(80-1) 20]

=40 (40 + 1580) = 64,800 meters
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4.5 Geometric Progression (G.P.):

A geometric progression (GP) isasequence of numberssuch that thefirst termisnon - zero, andthe
ratio of any term to the preceeding one is constant. Thisratio is known as commonratio (C.R.) of GP.

From the above definition of GP, it followsthat no term of aGP. can be zero.

Thefollowing sequence of numbers

1, 3,9 27, ... aein GP. herg, g’:g:g: ... and CR. = 3.

4.5.1 General Expresentation of G.P.. The general representation of GP. is

2 3 n-1 n
a,ar,ar ,ar , -.-,ar ,ar , .-

where a = firstterm, r = common ratio.

45.2 nth term of a G.P.:

Fromt he general representation of aGP. &, ar, arz, ar3, e

Thefirstterm = a , The second term = ar

2 3
Thethirdterm = ar , The fourthterm = ar

The nth term (tn) =ar

e |t —arm Y (1)
The succesiveterms t, , t, ,t;, -- - canbeobtained by puttingn=1, 2, 3, ...... is (1)
4.5.3 SA.Q.: Findthe 12th term of the series 1, 2, 4, 8, 16, .........
4.5.4 Sum of seriesin GP.: Thesum of first ntermsin GP. isdenoted by S,. Then
Sn:a+ar+ar2+ crar™h (Gl
rs,=ar+ ar rart s oorar (2) (multiplying (1) by r on both sides)

subtracting (2) from (1) ie. (1) - (2) =
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Sq—r&za—arn

=>S= —= ifr<1
1-r
a(rn—l) > 1
=—F if r
r-1
Note: HIfr=1then S=a+a+a+ ... tonterms = na

a-r/ rl-a
1-r  r-1

2) If ¢ denotesthelast term of GP. then ¢ = ar"t and S=

455 SA.Q.: Find sum of thefirst 10 termsof theseries 1 + 3 + 9 + 27 + .........

Gemetric mean (G.M.): If three quantities are in GP. then the middle term is known as the
Geometric Mean (GM.) of the other.

Thusif a, G b areinGP.

a

. G-M.- ofaandb==x,ab

Notee A-M.-> G-M-

4.5.6 Properties of G.P.:
(1) Ifeverytermof aGP. ismultiplied by afixed real number, thentheresulting seriesisalsoaGP.
(2) If every termof a GP. israised to the same power, then theresulting seriesisalso a GP.
(3) Thereciprocalsof thetermsof aGP. areadsoin GP.
(4) If everytermof aGP. ispositive, then the logarithms of terms of the GP. areinA.P.

4.5.7 To insert n geometric means between a and b:

If m ,m,. ---,m_  bethen GM.'swhich are to be inserted between a and b, then

n

a,m,m,, ---,m,,baeinGP

Hereaisthefirst term and bisthe (n + 2)th term.
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1

I r is the common ratio, then h=a r"*! = rz(gj””
a

. . 2 3 n
Hence, requwedn geometrlc meansare ar, ar ,ar , ---,ar
i
n+1

i.e m, :ari =a(gj fori =1, 2, e , N

4.5.8 Example: Three numbers whose sumis15arein AR If 1, 4 and 19 are added to them
respectively, theresultsarein GP. find the numbers.

Solution:
Let the three numbersinA.P. bea-d, a, a+d sothat (a—d)+a+(a+d)=15
a=>5

Alsowearegiven (a—d + 1), (a+4),(a+d+19) aeinG.P.

(a-d+1) (a+d+19) = (a + 4)2
— (6-d)(24 + d) =81 (-a=05)

—~d”+18d - 63 =0
= (d-3)(d+21) =0
sd=3o0r-21

Hencethe numbers 2, 5, 8 (or) 26, 5, - 16.

th _th th q-r
4.5.9 Example: If a b, c aretheP 0 and r termsof aGP, Provethat a' -

Solution: Let A bethefirst term and R the common ratio of the GP.
Then a=A-R° 1 — 5@

b=A-RI"1_ (2

1

c=A-R'T"— (@3

Rasing (1) topower g- r, (2) topower r-p (3) topower p - g and multiplying them
together, we get
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Q07T P PA _ AGTT ATP AP-A p(P)(a-T) (a1 (r-p) o(r-1)(p-a)

_plar+r-p+p-a) L0
-A°R% =1

4.5.10 Example:

b b
If a b, c aein AP and %, y, z arein GP. Provethat X yCZa=XCyaZ
Solution:

Let d bethecommondifferenceand r thecommonratio of thegiven A.P. and GP. respectively.

2
Wethushave b=a+d, c=a+2d and Y=Xr ,Z =Xr
a
L.H.S= becza _ Xa+d (Xr)a+2d (sz)

3a+3d 3a+2d
X -r

a+d
R-H-S= x%y%° =x*" % (xr)® (sz)

3a+3d 3a+2d
=X - r

.. L-H-S =R-H-S hence the result
Example: Find the sum of the series.
1+3+9+27+....... + to 10terms.
Solution: Using theformula

a(rn —1) 0

4.5.11.

301

S =———= =— "

T (- ) We have S, 31
- 59,049-1

= 29,524

4.5.12 Example: Sum of the series 4+2+1+E+E+

...+ to 10 terms

cr=—<1

— n l
Solution: Usingtheformulasn:—a(1 r) ( > J
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1)
B 1024) 8% 1023 _

= = =8 rox
1 004 (approx)

2

4512 Example: Find the sum of the series 243 + 324 + 432 + to n terms

4
Solution: Theaboveseriesisin GP. with r:§ >1,a=243

n r-1
(r-1) 4
3
n n
34 -3
=243 x ( - )
3
6(,n n
314 -3 -
:M: 36 n(4n_3n)
n
3
45.13 Example: Prove that the sum to n terms of the series
.10
11 + 108 + 1005 + -- - is 3(10”—1)+n2

Solution: Let Sn =11 +103 + 1005+ -- -
~(10+1) + (10%+3) + (10%+ 5) +

= (10+102+ 10°+ - -+10n) +(1+3+5+ - -+(2n-1))

In the above series the first bracket isin GP and the second bracket is in A.P.

10(10"-1) n
T {2+(n-1)2}
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= 1—5(10”—1)+2{Z+2n—2}

B0 (10" —q) 4 n?
9
45.14 Example: Find the sum to n terms of the series

€) x(x+y)+x2(x2+y2)+x3(x3+y3)+
®  (x+y)+Crxyy?)+ (CexPyrxy? oy e

Solution:
Series(a) can be split into two parts, each of whichisaGP. ton terms

S, :(x2 + xy)+(x4 +x2y2)+(x6 +x3y3)+ .- - tonterms

2 4 6 22 .33
=(x +X X+ ---tonterms)+(xy +XY + XY+ ---tonterms)

X (1—(x2)n) . xy (1- (xy)")
1-x° 1-xy

(b) Lets =(x+y)+(x2+xy+y2)+(x3+x2y+xy2+y3)+ .. -ton terms

Multiplying both sideshby (x - y). We get

(x—y)Sn:(x2—y2)+(x3—y3)+(x4—y4)+ -+ to 'n' terms

=(x2+x3+ x* 4 ---+tonterms)—(y2+y3+y4+ ---tonterms)
X7 x") vy
T 1-x 1-y
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4.5.15
@
Solution:

(b)

Wehave S =7+ 77 + 777 +

S,=07+0-77 +0-777 +

=7 [O‘1+ 0-11+0-111 +

4
5 [0-9+0-99 + 0-999 +

Acharya Nagarjuna University]+

Example: Sum to n terms the series
7T+ 77+ 777 +

(b) 0.7 + 0.77 + 0.777 +

-+ - to n terms

=7(1+1+11+ ---tonterms)

(9+99+999+ ---ton terms)

((10-1) + (100-1) + (1000-1) + -- - )

©OlN ©OlN Ol

o~
I

10-1

710"t -10 n} 7(0"*t-10) 7

7
9 81 9

-+ -to n terms

-+ to n terms]

-~ -ton terms]

= g [(1_0'1) +(1-0-01) +(1-0-001) + ---ton terms}

7

9

o~

[{(oRIEN

1 1 1
n-| —+—+-—+ ---tonterms
10 102 10°

_(10+102+103+ . -tonterms)—(1+1+ . -tonterms)]
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4.5.16 Example: Find the least value of n for which thesum 1+ 3 + 32 + --- ton terms is
greater than 7000.

n n
Solution: Sumto nterms =1+3+32+ ---+3n_1=3 _1=3 -1

Thissum to nterms will be greater than 7000 . If -1 > 7000

If 3" —1 > 14000

If 3" > 14001

If nlog3 > log 14001

log 14001
n>——
log 3

If

4.1461
0-4771

If n>

—8.69 (APP)

Hence the least value of n is 9.

4.5.17 Example: Thesumof 3 numbersin GP. is 35 and their product is 1000 find the numbers.

Solution: Let E, a, ar bethethree numbers in GP.
r

The product of these numbers = a. a-ar =1000
r

— a° = 1000
=a=10

The sum of the three numbers is

a
— +a+ar=35
r

1
a(?+1+ rj =35
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10(1+r+r2):35r
2
24+2r+2r"=7r

212 _5r+2=0

(2r-1)(r-2)=0

Thuswehave a = 10 and r:% or 2

1
for r=§ the numberswill be 10 x 2, 10, 10><% i.e. 20, 10, 5.

for r = 2 the numbers will be%,lo, 10x2 i.e 5, 10, 20.

Hence the three numbers 5, 10, 20.
4.5.18 Example: Insert 5 geometric means between 350 and 5.

Solution: Wehavein all 7 terms of which the first termis 320 and the 7thterm is5

: 1
Therefore using the formula A 2

6 1
we have r = —
64

1

1
= - -
6fea ()"

N~

1
r= > which isthe common ratio

Therefore the series is320, 160, 80, 40, 20, 10 and 5 and the geometric means are
160, 80, 40, 20 and 10.
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4.5.19

4.5.20

Example: At 10% per annum compound interest, a sum of money accumulates to Rs. 8750
indyears. Findthesuminvestedinitially.

Solution: Let P be the principle then amount of P after 1 year = P(l+ %} =Px11

Let P bethe principal then amount of P after 2 years = P x (1-1)2
Let P be the principal then amount of P after 3years = Px (1- 1)3

Let Pbe the principal then amount of P after 4 years = Px (1-1)*

- Px(1-1)* = 8750

»_ 8750 _ 8750

= = =5976-37
(11)* 14641

whichisrequired principal.

Example: If the value of Fiat Car depreciated by 25 percent annually. What will be its
estimated value at the end of 8 years. If its present valueis Rs. 2048.

Solution:

Present value of Car = Rs. 2048
Value of car depreciated = 25% annually
If present valueis 100, then value after oneyear = Rs. 75

75

If present valueisl, then value after oneyear = 0

If present valueis 2048, then value after one year — ) x 2048 = 1536 Rs-
100

.. a=1536

We aso note that value at the end of 2nOI , 3rd ,4th ,5th ,6th, 7th and 8th years

75 3
form a GP. withcommonratio r=— = —
100 4

. Value at the end of eight years — ar8_1

7 3Y
=ar =1536x (Zj = 205- 03
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4521 Example: For three consecultine months, aperson deposits some amount of money on the
first day of each month in small savingsfund. These three successive amountsin the deposit,
thetotal valuesof whichisRs. 65, formaGP. If thetwo extheme amounts be multiplied each
by 3 and the mean by 5, the productsform anA.P. Find the amountsin the first and second
deposits.

Solution: Let the three successive depositsbe Rs. a, Rs. ar and Rs. ar2
Thus a+ar +ar” =65 — (1)
Also 3a,5ar and3ar’ form an AP
Thus 3a- 5ar = 5ar — 3ar?

3ar2— 10ar +3a=0

=(r-3)(3r-1) =0

=r=3, 1
3
when r = 3, from (1) weget a+3a+9a=65= a=5

Thus the amount are Rs. 5, Rs. 15 and Rs. 45.
L 1 a a
Again if r:5 then from (1) we get a+§+§:65:> a=5

Thus the successive deposits are Rs. 45, Rs. 15, Rs. 5.

Hence the amountsin the first and second deposits are either Rs. 5, Rs. 15 or Rs. 45, Rs. 15.
4.6 Harmonic Progression (H.P.):

Harmonic progression (H.P) isaseriesof quantities called terms, such that their reciprocalsarein
A.P. Thus every harmonic series has a cooresponding A.P. series.

Thefollowing seriesarein GP.

O (as 2,4,6, ---aein A-P)

, -1,2, .- (as-7,-4,-1,2, - -arein A-P:)

~~
N
j —
~|
N
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4.6.1 General Representation of H.P. Series:

A series of theform

1, 1.1 ... ., -
a a+d a+2d a+(n-1)d Is aH.P
Here
1

o th
teemof HP t =——F——

M n " a+(n-1)d

(ii) Thereisno formulato find the sum of thefirst n terms of the H.P.

4.6.2 Harmonic Mean (H.M.):
If n harmonic means (H.M.) areinserted between two non zero numbers a and b then

a,tl,tz, .--,tn,bareln H.P.

th ab(n+1)
K"H-M=t, =
and K" b(n+1)+k(ab)

4.6.3 Remark: If A, G H areA.M., GM. and H.M. between two positive numbersa and b, then

. a+b 2ab
i) A= ,G=,ab ,H= .
® 2 a+b

(i) A, G H aeinGP ie G°=A-H
i.e. G isthe mean proportional between A and H.
@iy A>G=>H
4.6.4 S.A.Q.: Provethat for any two real quantities.
A-M->2G-M->2H-M-

4.6.5 Example: Find the 5" and n™ terms of the HP 4, 2,5, o

Solution: Thereciprocals of the given seriesis

3
R they arein A.P. so that
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Ltg=a+(5-1)d=

So in H.P. 5th term:i :il and
t5 5

th 1 4
n term=—=—
n/4 n

4.6.6 Example: If the 7" and the 10" terms of an H.P. are respectively é and ; find the 1% and

the nth term of H.P.

Solution: Let thefirst term and the common difference of the corresponding A.P.  be respectively

aand d.
th
Clearly the 7 and the 10™ terms of the A.P. areg and g
5
" a+ 6d =3 — @
7
a+9d ZE—) (2)
1 -@2 =-3d=-1=d=_
from (1) a=§—6d =E—6(E)=l
2 2 3 2
th terms of the A.P. =a+(n_1)dzi+(n_1)1: 2n+1
n 2 3 6

Hence the first term of the H.P. = 2 and the nth term =

2n+1
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4.6.7 Example: Insert 4 harmonic means between 22 and 2.

Solution: Let h;,h,, hy, h, be4 harmonic means between 22 and 2.
Then 22, h;,h,, h;,h, 2 areinH.P

1 aeinA.P.

11111
22" h,"h, hy "h, 2

Let d bethe common difference of the A.P.

1 th 1 1 1 1
—=6" termof theAP =—+(6-1)d=—+5dor = - —=5d
2 22 22 2 22
g0 _ 4 01 1

22 25 11

1 1 1 3 1 3 1 5

Se—E—t—=— , —=—+t—=—
h1 22 11 22 h2 22 11 22

1 _5 1_7 1 7,109
22 11 22 'h, 22 11 22

22
Hence hlz? ) hz_?,h3=7,h4=—'

4.7 Answersto SA.Q.:

4.7.1 Solution of SA.Q. 4.4.4:
Thegivenserisis 3, 8,13, 18, ..........
ItisaA.P. Hence, a = 3, d = 5.

n™ term of the series A-P-= a+(n—1)d
=3+(n-1)5
=3+5n-5

=5n -2

Arithmetic ...]++
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4.7.2 Solution of SA.Q. 45.3:
Givenseriesis 1, 2, 4, 8, 16, ..........

[tisaGP Hence a=1, r= 2.

n-1 n-1 n-1

n™ term t =ar =1.2""=2

1

12" tem = 1, =27 = 2 = 2048

4.7.3 Solution of SA.Q. 4.5.5:
Given Seriesis1+3+9+ 27+ ............
ltisaGP. Here a=1, r=3.

n
Sumton term = Sn =M

Acharya Nagarjuna University]+

r-1
Sumto 10 terms =sio :a(rrl(ill) - 1(?;1(11 )
1(.10
=

4.7.4 Solution of SA.Q. 4.6.4:

Let A, G HbetheA.M., GM. and H.M. between aand b then

A:a+b,G: ab,szab-
2 a+b
A><H:a+b>< 2ab :ab:GZ
2 a+b
Agan, A_G=

.. A>G, equality occursonly when a=

b.

2
a;b_ ab:a+b—22\/%:(\/g+2\/3) 50
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4.8

1

2)

3)

4)

5) If

6)

9)

9)

10)

Again, since AH =62 and A> G ~H

IN

G-
Combining A>G and G> H, weget A>G>H -

Summary:
In this lesson we discussed the A.P, GP. and H.P. and their properties.
The arthemetic progression whose first term is a and common differene d is of the form

a, a+d, a+2d, a+3d, ...

The nth teemof anA.P. = a+(n-1)d

Sumof first ntermsinan AP, S = g [2a+ (n-1) d]

AM. of aandb isequal to a+b
a,m;,m,, mg, ---m,,b bethen arithemetic mean's to be inserted between aand b then
b-a
M =a+f-——=) forr=12 ... ., n
. . 2 3 n-1 n
The general representation of GP. is a,ar,ar ,ar , ---,ar ~,ar , ---
where aisthefirst term and r is the common ratio.
th n-1
n termof G-P-=ar
n
all-r
Sumof first nterms of the GP, S = ( - ) if r<i
a(r" 1) o
= r
r—1 I
The GM. of aand b isequal to /ab
A seri f the f 1+ ! ! + + = + isaH.P.
series 0 eorma a+d’ as2d ar (n—1)d isaH.P.
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1) nth term of H.p.:;
a+(n-1)d
12) a.,a,, --,a, aeinHP < e i R 1 areinA.P.
al 2 an
13) If A,GH aeAM., GM., HM. between two positive numbersaand b then
a+b 2ab
0 A= al ,G=4yJab,H=——
a+b
(i) G° = AH (i) A>G>H

4.9 Technical Terms:
Arithmetic progression, Common difference, A.M.
Geometric progression, GM.
Harmonic Progression, H.M.

4.10 Exercise:

Arithmetic Progression:

1. Find the 10th and 15th terms of the series 2, 6, 10, 14, ............

th
2. Find 120" term of the progression 56, 53, 50, 47, ............

3. If the 5th and the 12th terms of an A.P. are 14 and 35 respectively, find the first term and the
common difference.

4, Find the sum of thefollowing series
1) 2+4+6+8+.......... to n terms.
i) 1+4+7+10+....... to 20 terms

5. If yousave 1 P. to day, 2Pthe next day, 3p the succeeding day and so on, what will be your total
savingsin 365 days?

6. Insert 4 arithmetic means between 52 and 77.

7. The sum of threeintegersin A.P. is 15 and their product is 80, find them.

8. If the3rd and the 6th termsof A.P are 7 and 13 respectively, find the sum of thefirst 20 termsof the
series.
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0.

10.

12.

13.

14.

15.
16.

17.

18.
19.

20.

21.

22.

23.

Sum the first n terms of the series

i) 1.3 + 25 + 37+ oo,

i) 1.24 + 237 + 3410 + .........

The sum of the three numbersin A.P. is12 and the sum of their squaresis 66. Find the numbers.

Geometric Mean:

Findtheloth term of theseriesl,i,},i, e
3 9 27
Find the sum of thefollowing series:
(l) 1+E+E+E+ ... to 11 terms
8

(i) 1-3+9-27+ ---to9terms

Insert 4 geometric means between 9 and 288

If the 4th and the 8th terms of a GP. are 24 and 384 respectively, find the first term and the
common ratio.

Find the threetermsin GP. whose sumis 14 and product is 64.

The sum of thefirt eight terms of aGP. isfivetimesthe sumof thefirst fourterms. Find the common
ratio.

1

y— aeinA.P
a+b 2b b+c

If a b, c arein GP. provethat

Find sumton terms of theseries 4 + 44 + 444 + ...

Find sumtonterms 0.3 + 0.33 + 0.333 + .........

Find the least value of n for whichthesum 1+ 3+ 32+33+ -+ - tontermsisgreater than 7000.

Harmonic Progression:

Find the 20th term of theH.P. 1,

11 1
4 7 10
Insert 4 harmonic means between 20 and 5.

If az,bz,c2 aeinA.P, Provethatb+c, c+a a+b areinH.P.
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a b c
24. If a b,c arein H.P. provethat , , aeinH.P
b+t+c-a c+a-b a+b-c

25.  Find two positive numbers such that their A.M. is10 and GM. is 8. Alsofind their H.P.

4.11 Answers to Exercise:

1) 38 58 2) -301 3) a=2 d=3
& (i) n(n+1), (i) 590 5) Rs 667.95 6) 57, 62, 67, 72
7) 2,58 8) 440
1 1
9 ()gn (n+1)(4n+5) (ii) En(n +1) (9n2+25n+4)
1 2047
100 1,47 11) Tos83 12) () Jopy - () 4921
13) 18,36,72, 144 4)ya=3r=2 15) 2, 4, 8.
4 (10, n 11 o
212 (10"-1) - n Zn-2l1-(0-
16) +2 , -1 18) 9{9( ) } 19) 3[n 9{1 (0-1) H
) n= ) 5 ) 25'100'50'100

25) 4,16 or 16, 4 ; 64
4.12Model Questions:

1 Insert 4 arithmetic means between 5 and 20.

2 Find the sum of all natural numbers between 200 and 400 which aredivisibleby 7.

3. Find sum of the series 243 + 324 + 432 + ............ to nterms.

4 At 10 % per annum compound interest, asum of money accumulater toRs. 8750 infour years. Find

thesuminvestedinitialy.
4.13 References:

1. D.C. Sancheti, V.K. Kapoor, "Business Mathematics', Sultan Chand and Sons, New Delhi.
2. S. SHAH, " Business Mathematics', NEw Central Book Agency, Calcutta.
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Lesson - 5 Permutations and

Combinations Binomial Theorem

5.1 Objective of the lesson:

5.2

After studying thislesson, you should be ableto understand:

Permutaions, factorial notationsand problemsinvolving permutations.
Combinationsand problemsinvolving combinations.

Difference between permutation and combination.

Binomial theorem, position of terms, binomial coefficientsand itsapplication.

Binomia theoremwith any index and cal culation of squareroot, cuberoot etc. and simplification.

Ll

Summation of seriesusing binomial theorem.

Sructure:

Thislesson hasthefollowing components:
5.3 Introduction

5.4 Permutation

5.5 Circular permutations

5.6  Permutations of things not all different
5.7 Restricted Permutations

5.8 Combinations

5.9 Restricted Combinations

5.10 Combinations of things not all different
5.11 Binomial Theorem

5.12 Position of terms

5.13 Binomial Coefficients

5.14 Binomial Theorem with any index
5.15 Summation of series

5.16 Answersto SA.Q.s

5.17 Summary

5.18 Technical Terms

5.19 Exercise

5.20 Answers to Exercise

5.21 Model Examination Questions
5.22 References
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5.3 Introduction:

Permutations refer to different arrangements of things from a given lot taken one or more at atime
where as combinations refer to different sets or groups made out of a given lot, with out repeating an
element, taking one or more of them at atime. Thedistinctionwill be clear fromthefollowingillustration of

combinations and permutations made out of a set of three elements { a,b, c} .

Combinations Permutations
(1) Oneaatime: {a},{b},{c} {a},{b},{c}
(2 Twoaatime {ab},{b,c} {a,c) {a,bl,{b,a},{b,cl,{c,bl,
{a.ct.{c.aj
(3 Threeatatime {a,b,c} {a,b,c} {a,c,b}

{b,c,a} {b,a,c}

{c,a,b} {c,b,a}

It may be noticed that on the left side above every set has different combination where as on the right
side above there all setswith different arrangements where ever possible of the same group. However no

element appearstwiceinany set eg. {a,a},{b,b},{a,b,b},{a,a a} etc-
5.3.1 Fundamental Rule of counting:

If one operation can be performed in 'm' different ways and corresponding to any one of such
operations of a second operation can be performed in 'n' different ways then the total number of
performingthe two operationsis mxn -

Thisprinciple can beexplained clearly by thefollowing examples:

5.3.2 Example: There are five routes for journey from station A to station B. In how many different
ways can aman go from A to B and return, If for returning

(i) Any of theroutesistaken
(ii) Somerouteistaken
(iii) The samerouteisnot taken

Solution:

(i) ThemancangofromA to B in 5 different ways for he may take any one of the five routes.
When he has done so in any of the 5 ways, he may return in 5 different ways.

. Thetotal number of different waysare 5x5 = 25
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(i) Incasethereisonly oneway of returning, thenthetotal number of differentwaysare 5x1 = 5.

(iii) If thereare4 different waysof returning, thenthetotal number of different waysare 5x 4= 20.

5.3.3 Example: How many telephone connections can be allotted with 5 and 6 digitsfrom the natural
numbers 1 to 9 inclusive.

Solution:

From the fundamental Rules of counting the total number of telephone cannections can be

N' = 95 =59, 049 and N6 = 96 =5,31, 441 -
5.3.4 Factorial Notation:

The product of the first 'n' natural numbers 1, 2, ...... ,n iscalled factorial n (or) n factoria
andiswrittenas |n (or) n!

Thusn!l=1x2x3x -- -x(n—l)xn
Thus |5 =1.2.3-4.5 = 120
|_7=l-2-3-4-5-6-7 =(l-2-3-4-5~6)7=7(|§)=7-6-|_5

=7 -6-120 = 5040

Note: 1) [n:=n|n-1

2  o=1
5.4 Permutation:

Permutation refersto different arrangements of certain number of objectssay r at atimetaken from
'n' different objects.

Eg: A Book seller hasrecieved. Three new booksA, B, C. He can place them in hisshow casein any
of thefollowing 6 ways.

ABC, ACB, BAC, BCA, CAB, CBA.

Thus we have 6 ways of arranging. Three distinct objects. When each arrangement is of al 3
objects.

Mathematically we can say that three distinct objects can be arranged in 3.2.1 = 6 ways.

We can reason out this as follows. "There are three places to be filled the first can be filled in 3
ways, the secondin 2 wayswhilefor thethirdin only 1 way".

Hencethereare 3.2.1 waysin all.
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5.4.1 Permutations of 'n' different things:

Permutations of n different things taken r at atime, where r <n are n(n-1)(n-2)

- +(n=r+1). Itisdenoted by nPIr
Thusthe number of permutations (arrangements) of ndiffernt hingstaking 'r' at atimeisgiven

bynPrzn(n—l)(n—Z) ~o(n-r+1)

n(n-1)(n-2) ---(n—r+l)(|ﬂ)

_n ()
n—r (n—r)
np _ I
" l(n-1)
5.4.2 Remark:
1) The number of permutations of n different thingstaken al at atimeis

n=1.2-3 ---(n-1)n="P

n

2) P_,=n(n-1)(n-2) ---3.2.1="P,
3 "p=nx"Yp

4) We have nPn =n!

n n! n!
Also B, = =—
(n—n) o!

n!

n'=—

o!

n!

ol=—=1
n!
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54.3

54.4

545

Example:

Find how many four letters words can be formed out of the word LOGARITHMS (The
words may not have any meaning)

Solution: Thereare 10 different letters, therfore, nisequal to 10 and since we have to find four -
letter words, ris4.

Hence, the required number of words are

10P a 10! _10><9><8><7><6><5><4><3><2><1
4_(10—4)!_ 6x5x4x3x2x1

=10x 9 x8x7 =5,040

Example: Indicate how many 4 digit numbers greater than 7,000 can be formed form the digits
3,578 09

Solution:
If the digits are to be greater than 7,000 then the first digit can be any oneof the7, 8 and 9.

Now the first digit can be choosen in 3 ways ( 3P, = 3) and the remaining three digits can be

any of thefour digitsleft, Which can be choosenin 4P3 ways. Thereforethetotal number of ways

=3x 4P

A =3x4x3x3 =72

Example:

In how many wayscan 5telugu, 3 English and 3 Tamil books be arranged. If the books of
each different language are kept together.

Solution:

The each language book amongst themselves can be arranged in the following ways:

Telugu:  5booksin 5P5 ways or 5!
English: 3 booksin 3P3 waysor 3!
Tamil: 3 booksin 3P3 waysor 3!

Also arrangement of these groups can be madein 3 P; ways. Hence by fundamental theorem

the required arrangements are

BIx 31x 3! x 3 = 25,920
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5.5

Circular Permutations:

These are related with arrangement of objects asin the case of a sitting arrangement of membersin

around table conference. Here the arrangement does not change unless the order changes. Let us consider
the following two arrangements of 5 members.

A A
R
Dl\__,C/ L<_B/

It may be seen that the above two arrangementsare the same. But itisnot sointhefollowing cases

where the order changes.

Therefore in the circular arrangement the relative position of the other objects depends on the

position of the abject placed first it isonly the arrangement of the remaining objectsismade. Thereforethe
circular arrangement of n objectswill bein(n-1) ! ways. Thusthe circular arrangement of 5 personswill
bein 4! ways.

55.1

5.5.2

5.6

Example:  In how many ways can 5 boysand 5 girls can be seated around atable so that no 2 boys
are adjacent,

Solution:  Let the girls be seated first.
They cansitin4! ways.

Now sincethe placesfor the boysin between girlsarefixed. The option istherefor the boys
to occupy theremaining 5 places. There are 5! ways for the boysto fill up the 5 placesin between
5 girls seated around atable already.

Thusthetotal number of waysin which both girls and boys can be seated sych that no 2 boys
areadjacent are4! x 5! = 2880 ways.

Example:

In how many ways can 4 Indians and 4 Pakistans be seated at a round table. So that two
Indians may be together.

Solution:

Put one of the Pakistini in afixed position and then arrange the remaining three pakistanisin all
possible ways. Thus the number of ways in which the four pakistan is be seated ataround tableis
3!. After they have taken their seats in any one way. There are four seats for the Indians each
between two pakistan is therefore the Indians can be seated in 4! ways corresponding to one way
of seating the Pakistani

-, Thetotal number of arrangementsis 4! x 3! =144

Permutations of things not all different:
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The number of permutations of n things of which Pthingsare of onekind, gthingsare of asecond

kind, rthingsare of third kind and all therest are different is given by

5.6.1

5.6.2

5.6.3

n!
X=———
p! xq!xr!
Example: Find the number of permutations of theword ACCOUNTANT, ENGINERRING
Solution:

(@ Theword ACCOUNTANT has 10 letters, of which2areA's, 2areC's, 2areN's and 2 are
T's, therest are different

Therefore the number of permutationsis

10! ~10-9-8-7-6-5-4-3-2-1

= = 2,26,800 -
20020 21 2 2:2-2-2

(b) Sincetheword ENGINEERING consists of 11 letters, inwhich thereare 3Es, 3Ns, 2 Gs,
21ls and OneR.

11!
Thetotal number of permutationsis 31 3 20 2
Example:
How many numbers greater than amillion can beformed with thedigits 4, 5, 5, O, 4, 5, 3.
Solution:

Each number must consist of 7 or more digits. there are 7 digitsin all of which there are 2
fours, 3 fivesand therest different,

7!
-. The total numbers are PR = 420

Example:

How many different words can be made out of the lettersin the word ALLAHABAD. In
how many of there will the vowels occupy the even places.

The word 'ALLAHABAD' consists of 9 letters of which A is repeated four times, L is

: . , ol
repeated twice and therest all different. Hence therequired number of words are T 7560

(i) Since the word ALLAHABAD consists of 9 letters, there are 4 even places which can be
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filled up by the4 vowelsin 1way only, sinceall thevowelsaresimilar. Further theremaining

I
5 placescan befilled up by the 5 consonants of which two are similar which can befilledin %

5!
ways. Hence the required number of arrangements are 1x o =60
5.6.4 Example:

In how many ways can the letters of word '"ARRANGE' be arranged? How many of these
arrangements are there in which

(i) Thetwo Rs come together

(i) Thetwo Rsdo not come together

(iii) Thetwo Rs and the two As come together.
Solution:

The word ARRANGE consists of 7 letters of which two are As two are Rs and the rest all
different.

7
Hence they can be arranged among themselvesin 7 2 = 1260 ways

(i) Thenumber of arramgements in which the two Rs come together can be abtained by treating
thetwo R'sasoneletter. Thusthere are 6 letters of which two A'sare similar and so the total

6!
number of arrangements = o 360

(i) Thenumber of arrangements in which the two R's do not come together can be obtained by
subtracting from the total number of arrangements the arrangements in which the two R's
come together. Thusthe required number if 1260 - 360 = 900.

(iii) The number of arrangements in which the two Rs and the Two As come together can be
obtained by treating the two Rs and the two A's as a single letter. Thus there are 5 letters
which are al different and so the number of arrangementsis5! = 120.

5.7 Restricted Per mutations:

(i) Thenumber of permutations of n different thingstakenr at atimeinwhich P particular things

donot occur is (n - p) P, -

(i) Thenumber of permutations of n different thingstaken r atatime iswhich P particular things

are present is (n — P) Pp er :

5.7.1 Example:
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5.7.2

5.7.3

574

Find the value of n if four times the number of permutations of n things taken 3 together is
equal to 5 times the number of permutaions of (n- 1) things taken 3 together.

Solution:
We are given that

4><nP3 =5><(n—1)P3
=4n(n-1)(n-2) =5(n-1)(n-2)(n-3)

= 4n =5(n-3)=n=15
Example:

How many numbers of six digits can beformed fromthedigit 4, 5, 6, 7, 8, 9 nodigit being
repeated. How many of them are not divisible by 5.

Solution:

The six digits being different, they can be arranged among themselvesin |_6 ways all the
digitsbeing taken at atime.

Let usfindthedigitsdivisibleby 5, such digits can be obtained when 5 occursinte unit place.
Theposition of 5 being fined, the remaining 5 digits can be arranged among themselves 5|5 ways.

So the numbersdivisibleby 5are |5 or 5.

Hence the numbers not divisibleby 5 are 6! - 5! = 600.
Example:

In how many ways can 5 boys and 6 girls be arranged in a row so that all the 5 boys are
together.

Solution:

Consider the 5 boys as one unit. Now there are 7 units and they can be arranged among
themselvesin 7! ways. Ineach of such arrangements, he5 boyscan be arranged among themsel ves
in5! ways.

- Total number of arrangements in which the boys are together = 7! x 5!
Example:

If the letters of the word PRISON are permuted is al possible ways and the words thys
formed are arranged in dictionary order, then find the ranks of the words

(i) PRISON, (ii) SIPRON.
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Solution:
The letters of the given word in dictionary order are I NOPRS
(i) Inthedictionary order, first al thewordsthat being with | come. If | occupiesthefirst place,

(if)

thentheremaining 5 pluscan befileld withtheremaining 5 lettersin 5! ways. Thus, thereare
51 number of wordsthat beign with 1. On proceeding like this we get

| mmmmmmme e — 5! ways

N - 5! ways
O - 5! ways
P I — 4! ways
PN --— 4! ways
PO --— 4! ways
PRIN - 2! ways
PRIO > 2! ways
PRISN - 1! ways
PRISON ----mmmmmmemeeee- — 1! ways

Hence, therank of the PRISON is 3x 5! +3x 4!+ 2x 21+ 1 +1 =438

Now we find the rank of the word SIPRON as above

| memmmmm e — 5! ways
N - 5! ways
O - - 5! ways
P oo — 5! ways
R —-mmmmmm o - 5! ways
SIN - 3! ways
SI10O - 3! ways
SIPN 5 2! ways
SIPO - 2! ways
SIPRN - 1! ways
SIPRON — 1! ways

Hence therank of SIPRON is 5x5!+ 2 x 3l +2x 2l +1+ 1

=600+ 12 +4 + 2
= 618
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5.7.5 Example:

Solution:

5.8 Combinat

Six papers are set in an examination, of which two are 'statistics. In howmany
different orders can the papers be arranged so that the two statistics papers are not
together?

Number of ways in which six papers can be arranged = 6!

If two statistics papers are to be kept togehter then the six papers can be arranged
in 5! x 2! ways. Hence, the number of arrangements in which six papers can be
arranged so that the two statistics papers are not together

= 6! — 5Ix 2! =5l x4l =480

ions;

In permutations obj ects are based on the order of the arrangements. But in combinations order does

not matter, itissimply

theidentity of itemsin the constitute anew combination. For example, the number of

different ways in which 6 people can be arranged in a queue is a question of permutations where order
matters. The number of different ways in which 6 people can sit in a committe of 3 in a question of
combinations where order does not matter, but the constitute of each sel ection do matter. However, repetion
in each combination is not allowed except otherwise stated.

5.8.1 Themathem

The number

atical formulafor finding out combinations:;

of combinations of 'n' different thingstaken 'r' at ateme are given by

n
C =

n!

- where (r < n)

i.e (:r =

5.8.2 Formulas:

n "c =
2 "c,=
3 "c _,
H "c =

n(n-1)(n-2) ---(n-(r-1))

r-(r-1(r-2) ---1

n
CS:>r+s:n orr=s
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5.8.3

Sol:

584

Sol:

5.8.5

(if)

5.8.6

Sol:

In how many ways can 4 white and 3 black balls be selected from abox containing 20 white and 15
black balls.

Thisprobleminvolves merely selection and henceisaproblem of combinations. 4 out of 20 white

. 20x19%x18x17 .
balls can be selected in 20c, i-e-, xwxox ol 4845 ways. cdl this processa as the
4x3x2x1
. .15 . 15%x14x13
first process. 3 out of 15 black ballscanbeselectedin = C5 i€, Sxoxl 455 ways . Call

this process as second process. The two processes can be carried out together in
4845 x 455 = 2,204,475 ways.

From 6 boys and 4 girls 5 are to be selected for admission for a particular course. In how many
ways can this be done if there must be exactly 2 girls?

Sincetherehasto exactly 2 girls, there should be 3 boysthe possible combinationswould therefore

2
be 4C2><6C3=/(X3 ﬁx5x4

Zx1 AxZx1

Inamercantile form 4 postsfall vacant and 35 condidates apply for the posts. In how many way can
be selection be made

= 120 ways

(i) if oneparticular condidateisawaysincluded?
(i) if oneparticular condiateisaways excluded?

Since aparticular person is alwaysto be seleced, we must select the remaining 3 condidates out of
theremaining 34.

Sinceaparticular personisawaysto beexcluded, the choicein restricted to 4 condidates out of the
remaining 34

:>34C4=34X 33X32X31=46,376
4x2x3x1

A father takes 8 children, threeat atimetothezoo, asoften ashe canwithout taking the samethree
together more than once (i) how often will each child go?

(ii) how often will he go?

(i) A particular child goesasoften asthat child can beincluded in the combinations of 8 childrent
aken 3 at atime.

Let usselect onechildfirst of all, then wehaveto select only 2 fromtheremaining 7. Thiscan
be done 7C, ways.
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5.8.7

Sol:

5838

Sol:

. Thenumber of timesthe particular childwill gois

3
7C _7xp - 21

2 le

(i) Thefather goes as often as the combinations of 8 children taken 3 at atime.

-, The number of timesthe father will gois

8C3_8><7><)6/ 56

CAxZx1

At an election there are five candidates out of whom three are to be elected and a votes is
entitled to votefor any number of candidates not greater than the number to be el ected.In how many
ways may a voter choose to vote.

The voter may vote for one, two or three candidates out out of the 5 candidates .He can choose to

vote for one candidate in 5C; ways,two candidatesin 5C, ways and 3 candidatesin 5C5 ways.
Hence the total number of ways the votes can choose to vote is

5Cl+5C2+5C3+5C4=5+10+10 =25

for an examination , candidate hasto select 7 subjects from three different groupsA, B and c. The
threegroupsA ,B,C contain 4,5,6 subjectsrespectively .In how many different ways can acandidates
make his selection if he hasto select at least 2 subjects from each group.

The different ways in which a condidate can make a selection of 7 subjects so asto have at least 2
from each group can be asfollows:

(i) 2fromA, 2 fromB and 3fromC
@) 2fromA, 3 fromB and 2 fromC
@iii) 3fromA, 2fromB and 2 fromC

Now the selection of (I) can be donein 402 X 502 X 603

= 6x10x 20 = 1200 ways
. : .4 5 6
Again the selection of (11) can be donein C,x Cyx C,
=6 x 10 x 15 = 900 ways
. . .4 5 6
Again the selection of (l11) can bedonein Cyx Cyx C,

=4x10x15 = 600 ways
-, Therequired number of selectionsare 1200 + 900 + 600 = 2700
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5.8.9 Out of 10 consonants and 4 vowels, how many words can be formed each containing 6 consonants

Sol:

and 3 vowelds?

6 consonants can be chosen out of 10in *° C, ways and 3 vowels can be chosen out of 4 in 4C3
ways.
Combining each way of selecting the consonants with each way of selecting the vowels, the

number of selections having 6 consonants and 3 vowels = 10C6 x 4C3 . Each of these selections

contains 9 letters can be arranged among themselvesin 9! ways.
10 4
- Thetotal number of words = C6 X C3 x 9l
-, x ‘c, x 9

_10><9><8><7

= x 4 x 362880
1x2x3x4

=304, 819, 200

5.8.10 A boat'screw consist of 8 men, 3 of whom can only row on one side and 2 only one the other. Find

Sol:

the number of ways in which the crew be arranged.

4 men must row on each side. But on one side there are aready three men and on the other side
two. So one must be placed on the side of three men and two on the other side. This can be done
in3C, or 3ways.

Again 4 men on each side can be arranged among them seleves in 4! ways. Hence the
required number of ways

=%, x 4 x4

=3x24x24
= 1728

5.8.11 A party of 6isto beformed from 10 boysand 7 girlsso asto include 3 boysand 3 girls. In how many

Sol:

different ways can the party be formed if two paticular girls refuse to join the same party?

If the two particular girls do not refuse to join the same party, then we can select 3 girlsfrom 7in

703 ways and 3 boys from 10 in 10C3 ways. Henceaparty of 6 including 3 boysand 3 girls can

beformedin 7C3 X 10C3

= 35x120 = 4200 WayS ----eceeeeee 1
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5.8.12

Sol:

5.8.13

Sol:

Now let us find the number of ways such that 2 girls whose refuse join the same party are
included in the same party. For such arrangements we haveto select only 1 girl from theremaining
5 and 3 boysfrom the total of 10.

Thiscan bedonein 501 X 10(:3 =5x120 =600 WayS -+« -----eeveee- (2)

We notice that in arrangement (2) those two particular girls who refus to join are included
hence the required number of arrangements can be obtained by subtracting (1)

i.e. 4200 - 600 = 3600

A party of 3 ladies and 4 gentle men isto be formed from 8 ladies and 7 gentle men. In how many
differentways can the party be formed if Mrs. X and Mr. 'Y' refuse to join the same party?

3 ladies can be selected out of 8 ladiesin 803 ways and 4 gentle men can be selected out of 7
gentlemenin 7C4 ways.
. The number of ways of choosing the committee

8! 7!

X = 1960
3 x5 4l x 3

8 7
= C3 X C4 =
If Mrs. X and Mr. Y are members, there remain to be selected 2 ladies from 7 ladies and 3

gentlemen from 6 gentlemen. This can be donein

7 ><6 3 7! y 6!
2 3 24" Ax3

=420 ways

The number of ways of forming the party inwhich Mrs. X and Mr. Y refusetojoin
= 1960-420 = 1540

A cricket team of 11 playersis to be formed from 16 players including 4 bowlers and 2 wicket
keepers. In how many different ways can ateam be formed so that the team contains (a) exactly
3 bowlers and 1 wicket - keeper (b) at least 3 bowlers and at least one wicket - keeper.

(8 Hereacricket team of 11 is exactly to contain 3 bowlers and a wicket keepr. 3 bowlers can

be selected out of 4 in 4C3 i.e, 4ways. 1 wicket keeper canbe selected out of 2 in 201 e 2

ways. Now theremaining 10 playersin 10C I.e. 120 ways. Hence by the fundamental principle.

3 b
The total number of ways in which the team can be formed.

=4x2x120 = 960
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5.9

(if)

(b) Inthe casethe cricket team of 11 can be formed in the following ways:
() 3bowlers, 1wicket keeper and 7 other players.
(1) 3 bowlers, 2 wicket keepersand 6 other players.
(111) 4 bowlers, 1 wicket keepr and 6 other players.
(1V) 4 bowlers, 2 wicket keeprsand 5 other players.
(i) 3 bowlers, 1wicket keeper and 7 other players can be selected in

e, x e x %, = 4x2x120 = 960 ways

(i) 3 bowlers, 2wicket keepersand 6 other player can be selected in

“c, x c, x1%C, =4x1x 210 = 840 ways

(iii) 4 bowlers, 1 wicket keepers and 6 other players can be selected in

“c, x %c x 1%Cg = 1x 2x 210 = 420ways

(iv) 4 bowlers, 2wicket keepersand 5 other players can be selected in

e, x cyx %, = 1x1x 252 = 252 ways

Hence the total number of different ways

= 960 + 840+ 420 + 252 = 2472

Restricted Combinations:
The number of combinations of 'n' things taken 'r' at a time in which 'p' particular things always

. n_p
OcCcur Is Crfp'

If the'p’ particular things are set aside, there remain (n - p) things out of which (r - p) things

may be chosenin "“Pc ways with each of these groups we combine the p particular things so

r-p
that we get all the combinationsin each of which the'p' particular thingswill always occur.

~. Therequired number of combinations = n_'DCHD

The number of combinationsof 'n’ thingstaken'r' at atimeinwhich 'p' particul ar things never occur
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Let the'p' particular things be set a side then there will remain (n - p) things out of which'r’

things may be selected in n—pCr waysin none of these groupsp particular thingswill occur. Hence

therequired number of combinations = n_pCr
591 Provethat "'C, = "c, + "C,_,
Sol:  We know that
nCr - rl (:I_r)l
AL _ n! n!

e e o

(1) (n=r)! (=D (n=r+1)(n=1)

B n! 1,1 }
C(r=1)t(n=r) |1 (n-r+12)

B n! [ n+1
S (r=1t (=)t r(n—r +1)
(n+1)! (n+1)
= = C
r(n-r+1) '
5.9.2 Findthevalueof r'if °C, = °C, ,

18

. . n _n 8.
Sol: Since C, = C wehave  C =""Cpg |

n-r’

18

. 18
But, we aregiven 0187r = Cr+2

= 18-r=r+2
=18-2 =71 +7r
=16=2r

=r=8
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5.10 Combinations of Things not all different:
Wewill here show that thetotal number of combinations of 'n* different thingstaken someor all at a
timeis = 2" _1.

Thefirst thing can be dealt within 2 ways, for it may either beleft way of dealing with the second.t
he total number of ways of dealing with the two things.

_2x2=2°

Proceeding similary, the total number of ways = 2"

But this number includes one case in which none of the things are taken.

. Therequired number of combinations = 2" _1

Now, we consider the number of combinations of 'n' things not all different. The total number of
combinationsof (p+q+r+......... ) things, where p are of onekind, q of the second kind and r of the third
kind and so on, taken any number at atime are

:(p+1)(q+]_)(r+1) .................... -1
Consider the p likethings. The 'p' things can be dealt within (p + 1) ways, for we may take 1 or
200 3, e or p or nonein any selection similarly the g like things can be dealt within (g + 1)

ways, rthingsin (r + 1) ways etc. Associating each group of selectionswith the others the other numbers
of dealingwiththemis

(p+1) (q+1) (r+1) ...........

But this number includes one case when all things areleft. Therefore, the total number of ways.

:(p+1) (q+1)(r+]_) ............ -1

5.10.1 Inorder to pass C.A. (Intermediate) examination minimum - marks have to be secured in each of
the 7 subjects. In how many cases can a student fail ?

Sol: Each subject can be dealt in two ways. The student may pass or fail init. So the 7 subjects can be
dedltin 27 ways but thisincludesthe casein which the sudent passesin all the 7 subjects. Excluding,

the number of ways in which the student can fail is 2" _1-107.

5.10.2 A question paper contains 6 questions, each having an alternative. In how many ways can an
examinee answer one or more questions?

Sol:  Thefirst question can be dealt with in 3 ways, for the question itself may be answered, or its
alternative may be asuered or none of them may be answered.
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Similarly, the second question also can bedealt within3ways. Hencethefirst two questions

canbededtwithin 3x 3 or 3 ways. Proceedingthus, all the 6 questions may be dealt within 3P°
ways.

But this number includes one case in which none of the questionsis answered.

5.10.3 Thereare'n' pointsinaplane, nothree of which are collinear (lying onthe samestratight line) with
the exception of p pointswhich are collinear, find the number of

(i) Different straight linesand
(i) Different trianglesformed by joining them
Sol: (i) Anytwopointswhenjoined giveastraight line

The number of possible straight linesformed by joining 'n' pointsin pairs = Ir'Cz :

But 'p' of the pointsliein the same straight line.
- PC, straight linesarelost and instead we get only 1 straight linein which they lie.

. Therequired number of straight linesin

n(n-1) p(p-1)
2 2

n

P
CZ— C2+l= +1

(i)  Any3non- collinear pointsgiveatriangle.

-, The number of trianglesformed by joining 'n' points taken three at atime = nC3

Since'p' of the points are collinear. P C, triangles arelost.

. Therequired number of trianglesis

"C, - PC, = n(n _15); (n-2) p(p—l()s(p_ 2)

5.11 Binomial Theorem:

A binomial expression in mathematics in one which has two terms, e.g., (a+b), (2x+3Yy),
(x + b) etc. Theseterms are at time complementary when the expression is used for objects which are of
dichotomous charactor, i.e. successor failure, trueor false, male or female. In business mathematics and
statistics, there are various problems based on such classification where the theorem is found to be very
useful.

From elementary algebra, we know

(a+b)? =(a+b)(a+b) =a’ +2ab +b°

(a+ b)?’=a3+3a2b+3ab2 + b3
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These are quite simple but if the expression is to a higher order or with negative and fractional
indicesthe problem becomes quite complicated.

5.11.1 Theorem (Binomial Theorem):
If 'n' isapositiveinteger. Then

n n n n-1 n n-2 2 n n-r _r n n
(x+a)"="Cyx + C X ~a+t CyX ‘@ 4o +C XA s +'C, a

(The prrof is beyond the scope of the syllabus)
511.2 Note: (1) (x-a)" =(x+(—a))n = nCoxn—nclxn_la+ nczxn_ a4t

n

(—1)r nCr T ~|—(—1)n "C g

(2 Thenumber of termsin (x + a)" isn+ 1.

n n-r _r

C x a

(3) Thegenera termof (x +a)" is (r+1)th tem=T ,= C,

(49) Thesimplest form of binomia expansioninthegenera formisgiven below:

n n 2 n r n n
(1+%)" =1+ "C x+ "Cyx" 4+ 'C X 4ok 'C X

(1—X)n =1- nC X + nC XZ doeeaeans +(_1)r . nC X A oeeeenes 4 Cn (_X)n

1)8
5.11.3 Expand [x—;j :

5
1 5 5 5 4 1 5 3 1 5 2 1 5 1 s 1
Sol: (x—;J = Cyx - Cx -;+ C, X 5t Cszx 3t C4x-—4+ C5-—5
X X X X
5 5 5 3 5 5 1 5 1 5 1
= Cox = Cx + Cox+ C3‘;+ C4-?+ CS-F

6 6
5.11.4 Evauate {x+\lx2+1} +{x—\lx2+1}
> 6
Sol: Let{x+\/x +1} :(x+y)6, wherey:\/x2+1
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6
[ 2 6 5 4 2
{x+ X +1} =6Cyx +6C; X y+6C,x 'y

+ 603x3y3 + 604x2y4 + 6C5xy5 + 606y6 ---------- )
6
Also{x—\/x2+1} = (x-y)°
6 5 4 2 3.3 2.4 5 6
=6C0x —6C1x y+602x y —603x y +6C4x y —605xy +606y -------- (2)

Adding (1) and (2) we get
6 6
{x+ x2+1} +{x—x/x2+1}

6 4 2 2 4 6
:2{6C0X +6C,x 'y +6C,xy +6Cgy } vy = ,x2+1

- 2{6C0x6 +6C,x*(x%+1) + 60, x%(x% + 1) - 6C, (x% + 1)3}

3
:2{x6+ ﬁ'5x4(x2+1)+%x2 (x4+2x2+1)+(x6+3x4+3x2+1)}

=2 {32 x° + a8x* + 18x% + 1}

9
5.11.5 Write down the 7th termin the expansion of [4—5)( - ZEJ
X
Sal: Inthe expansion of (y + a)” the genera termis
n n-r r
= Gy

Putting r = 6 _ X a= - and n=9 we get
9r="Y="587 %5 -9 Weg
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o (4x) (-5
te:1= Cg 5 2%

:;/X;(X7‘/61(X3‘}25/x125
Zxel /126 ﬁifxs

 84x125 10500

3 3
X X

6
5.11.6 (i) Findthecoefficient of x4 inthe expansion of (1+ X — 2x2) . If the complete expansion of the
expressionisgiven by

. 6
Sol: (i) (l+x—2x2) :[l+x(1—2x)]6
=1+ 6C X(1-2x) + 6C, x° (1-2x)2 +6C, x> (1-2x)3 4+ +6Cx° (1-2x)°
~14+6C x(1-2x) + 6C, x> (1-4x + 4x2) + 6C.x° (1-6x + ---)
- 1 2 3
+6C, X" (1-2¢)* +6Co x”(1-2x)° +6Co x° (1-2x)°

Coefficient of x” = 4-6C, — 6-6C, + 6C,

=60 — 120 + 15
= -45

y 6
(i)  Now (1+ x—2x2) =1+aXx +a2x2 Foerenn + a12x12

Puttingx =1, we have
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Puttingx =- 1, we have

l-a +a,—ag+-- +a, =64 (2)
Adding (1) and (2) we get

2(1+a2+a4—|— ........... +a12):64

:>a2+a4+ ............ +a12=31

5.11.7 Usingthe binomial theorem, calculate (1.1)lo correct to 6 decimal places.

Sol:  We have
@-1° = (@+o01)®
=1+10(0-1) + 45(0-01) + 120(0-001)+210 (0-0001) + 252(0-00001) +
+ 210(0-000001) +120(0-0000001 ) + 45(0-00000001) + -+-------
=1+10(0-1) + 45(0-01) + 120(0-001) + 210 (0-0001) + 252(0-00001)
+ 210 (0-000001 ) 120(0- 0000001 ) + 45(0-00000001) + ---------

=1+1.0+0-45+0-120 + 0-0210 + 0-00252 + 0-000210
+ 0-0000120 + 0- 00000045

= 2503742
5.12 Positions of Terms:

We have already explained that in the expansion of (1+ x)” , the coefficients of terms equidistant

from the beginning and the end are equal. We also know that the coefficient of (r + 1)th term from the

beginning is "C_ . The (r +1)™ terms from the end has {(n+1) - (r+1)} orn-r terms before it,

therefore, f romthe beginningitis (n —r + 1)th termand its coefficient is r'Cn _ r » Which has been shown

to be equal to ”c:Ir .



+{Centre for Distance Education}+++++ +++++++] Acharya Nagarjuna University ]+

Therefore, when 'n'is even the greatest coefficient is nCn/z and when'n'isodd itis nCn_1 or

n ..
C,, .1 thesetwo coefficients are how ever equal.

2

5.13 Binomial Coefficients:

The coefficients of the expansion of the binomial are the prefixes of each term, the elements are

with variable powers of the binomials. The coefficientsare "C, "Cy ,-+-ooovo- , "'c, indicated briefly
as CO , (:l e , Cn' The properties of these coefficientsare given below:
5.13.1 If Cp o Cpyreeeeees ,C, denote the coefficients of the expansion of (1+ x)”, prove that

(@ C +2C,+3C,+-moem +nc =n.2""

(B) Cy+2C, +3C,+-+(n+1)C =(n+2)2""

(€) Cy+3C +5C, + e +(2n+1)C, =(n+1) 2"
Sol: (8 L.H-S=C_+2C,+3Cg+ +nC,
Cnyp M-l on(-Y(n-2) on
3.2-1
:n[1+(n_1)+(”‘1)(”‘2)+ ........... +1}
=n [n_lco + n—1C1 + n_l(:2 e n ”‘1Cn_1}
—nl[1+1]"?]
—n-2"'-R.H-s
(B) L-H-S=Cy+2C +3C, + --ooes +(n+1C =(n+2)2""

:I:(CO+C1+CZ+ .......... +Cn)+(cl+2C2+ ......... +nCn):|
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Permutations ... ]*“'

2" 4n. 2"t
=" (n+2) =R-H-S

(€ L-H-S=Cy+3C +5C, +:-- +(2n+1)C,
n
=(CO+Cl+Cz+ ~~~~~~~~ +Cn)+2(Cl+2C2+ ----- + Cn)

~2" 4 2(n2" Y

=2"4n2"
=(n+1)2"
= RH.S
5.13.2 If (1+ x)n =CO+Clx+C2x2+ ----------- +C, x" Prove that
© 26 3G , NGy _n(n+)
a
@ G & G Cha 2
C Cl C2 Cn 2n+1_1
+ —_ +_J’_ ........... + =
B ot 5 n+l1 n+1
C 2C 3C nC
Sol (a) LHS__1+ 2+_3+ ........ + n
G & G Cha

n 2! 3 n-1
=4 — 4 — 4 e + —
n(n-1) n
2!
=n+(N=1) +(N=2) 4o +1
_ n(n+1) _RHS
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C C C
(b) |_.H.5=CO+_1+_2+ ..... L__n_
2 3 n+1
:1+E n(n_l) ......... _1
2 1.2-3 n+1
1 n+1)n n+1)n(n-1
:—n+1+(+) +(+)( ) +1
n+1 1.2 1.2-3
1 n+1 n+1 n+1 n+1
= m[ Cl C2 + C3 doeeeenns + Cn+l:|
n+1
- @yt -1
n+1
_2 “l Rroues
n+1

15
5.13.3 Find the coefficient of x4 in the expansion of {x‘l + ig}
X

3

) T : . 4 1 15
Sol: r+1 intheexpansionof | x  + —
X

Thistermwill contain x4 if 60 - 7r = 4

7r=56=r=8
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. Therequired coefficeint of x4 = 15C8

|
_ 15C8 - 15!
87!

9
5.13.4 Find thetermindependent of nin the expansion of [g x? - ZLJ
X

32 1Y
Sol: THlintheexpansionof[gx __J

Thistermwill beindependent of x if
18- 3r =0 ie if r=6
-, Therequired term independent of x

_ (_1)6 '906 @)9—6 -6

Permutations ... ]*“'
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3n
5.13.5 Findthetermindependent of x in the expansion of (x - _ZJ
X

3n-3r
r X

_ (_1)r ) 3nC

Thistermwill beindependent of x, if 3n-3r=0, i.e,, r=n

. required term = (-1)" - SnCn =(-1)"-

5.13.6 (a) If the21st and 22nd termsin the expansion of (1+ x)44 areequal, findthevalue of x.
(b) Intheexpansionof (1+ x)11 the fifth termis 24 times the thired term. Find the value of x.

Sol: (@ (r +1)th term in the expansion of (1+ x)44

44 21
and T22 = C21 X

Now T, =T,, (is given)

44 20 44 21
C20 X = C21 X
44
Czo
X="
C
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447 231211

Permutations ... ]*“'

X~ 2a1201 " T
X_;z(lex;@( )

230 x 24x 200 "2 8

11 r
T1= G X
11 4 1
Tg = C4 x and Ty=

We are given T, = 24 ty

1 4 1
4 X =24. 02 X
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5
k
5.13.7 (a) If the coefficient of x in the expansion of (xz +—j is270 find k.
X

2

10
(b) If the absolute term in the expansion of (\/; - L} is405 find the value of k.
X

5
k
Sol: (@ T,1intheexpansion of (x2+?j

T ..=°C (x2)5_r [Ejr

r+1 r X

5 10-2r -r
X

;
=CIr k' x

5 r 10-3r
="C k x

r
Thistermwill containx if 10-3r = 1, i.e, if r=3.
Now Coefficient of x isgivento be 270

270 270

27
5 10
CS

2, kP =210, ie, K=
= . k=3

K 1O
(b) T, 1 terminthe expansion of (\/;— —2}
X

r 10 (
T.,=(-1) "C k -x

Thistermwill beindependent of x , i.e. the power of x will be zero of

10-5r
2

=0 je,ifr=2
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Thusthethird term isindependent of x, anditsvalueis

2 10
T3 :(_1)

and we are given

2
C, k

(-1%-*c, k* =405

2 405
e, X T 10,
2
405
K=" 9
45
k=+3

32 4 1 15
5.13.8 Findthecoefficient of X inthe expansion of [x ——SJ

X
32 4 15
Sol:  Letusassumethat X~ occursinthe (r +1)th term of the expansion of (x - _3j
X
15-r r
. 15 4 -1
~T.1=C, (x*) [FJ ........... (1

. 2
Since X isthe (r + 1)th term, we must have

60-7r =32
7r=28
r=4
15-4 4
, 15 4 -1
..T4+1= C4 (X ) [FJ
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3 15! 32
5 114
T, =1365x™

. Coefficient of x>2 is 1365.

5.13.9 Find the coefficient of x™ in the expansion of (1_ 2% + 3x2) (1+ X)ll

Sol: Using binomial theorem, we have

(1— 2X + 3x2) (1+ x)11

= (1— 2X + 3x2) (1+ 11C1 X + 1102 x2 + et llC9 x9 + llCloxlo + 11011 xll)

.. coefficient of x™* in the expansion of (1_ 2X + 3x2) (1+x)1

11 11 11
=1x C11—2 C10+3>< Cg

—1-2xC +3x 1, ( "c, = Cn_r)
—1-22 + 165
- 144

5.13.10 Ifthe2nd, 3rd and 4thterm in the expansion of (x + a)” are 240, 720 and 1080 respectively,
find x, aand n.

Sol: (x+a)n = nC0 X"+ ”cl x"Lay nC:2 x" 22
=x" +nxn_1a+w xn_2a2+%xn_3a3+ .........

Equating 2nd, 3rd and 4thterms, we get

2
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n(n-1) (n-2) (N33
6

Multiplying (1) and (3) weget

n°(n-2)(n-2) 2n-4 4
6
Squaring (2) we get

= 240x1080 ------- (4)

2 2
n(n-1 _
% 2N R 790% 720 ceennnn. (5)

Dividing (4) by (5) we get

Permutations ... ]*“'

n2(n—1) (n-2) X2t y 4 240 x 1080
6 x2(n-1? x4 g%  720x720
. 4(n—2)zl
6(n-1 2

= 8n-16 =6n-6=> n=5

Substituting the value of 'n"in (1) and (2) weget
5x”" a= 240

10x° a® = 720
Divide square of (6) and (7) we get

wxa’  240x240 s
= f—

33 X =32, i-e-x=2
10x™ a 720

Substituting valuesof x and 'n" in (1) weget

5x 221 xa=240= a= 2 _3
5x16

Hence x=2,a=3 and n=5-
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5.14 Binomial Theorem With Any Index:

We illustrate these with refrence to the simplest form of expressions (1+ x)]/ N and (1- x)_n

from which other binomia s can bereduced. Thetwo such expansionsare (i) with afractional index and (ii)
with anegativeindex.

1 12 1 3
- 1+XJ/2= 14X =14+ =X —= X 4+ — X ceereereenes
By (1) 2" 8 19

=1+ 2X +3X2+ 4X3+ ...............

-2
0y

In each of these series the number of termsareinfinite. The general form of expansion which can
beused inthefirst caseis

Linxs M- 2, n(n-1(n-2) X3
12 1.2-3

1
If weput N = > in that case the above expansion will take the following form:

1(1 1(1 1
A0 366,
1+— 212 x2 4212 2 X

X +
1.2 1.2.3

Now, if theindex isnegative, the general form of the expansionis

()(n-1 2 (n)(-n-1(-n-2) 3

1.2 1.2-3

1+(-n)x +
5.14.1 Expand (1- x)3/2 upto four terms

Sol:  (1-x)¥? =1+g(_x)+ 2(2_ j(_x)2+2@_ j@‘zj(_x)3+

1.2

3 3.2 1 3
=1 — X + = X A — X feeeeeeeenns
2 8 16

Eg: Expand (2 + 3x)_4 upto four terms

4
Sol:  (2+3x)* = 2! [1+3—2Xj
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1 3x) (-4)(-4-1) (3x)? (-4)(-4-1)(-4-2)
A {“(_4)[7} 1.2 [7) " 1.2.3
1 45 2 135 3
:B|:1—6x+7x _7)( Foeeeeeeeen jl
5.14.2 Find the general term of expansion of (1 - x)_2
Sol- The(r+1)th term :n(n—l)(n—2) ............... (n—r+1) o
The(r+1)th term = "3 EA 5)r| """ (-3-r+1) (- x)"
_(_1)r 34500, (r+2)(—l)r N
r 345 (r+2) r
(_1)2 123 i .t

Permutations ... ]*"'

:(r+1)(r+2) N

1.2

5.14.3 Using Binomial Theorem, find the value of 3[126 tofour decimal places.

so: 3126 = (126)*° = (125 +1)*®
1/3

— (125)¥° [1 N i}

125

(59" 1+ 0-008]°

= 5[1+0-008]"®

Wl
TN

_s5l1+1x0.008+3\3
3 2.

« (0-008)2

(neglecting the other terms)
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- 3125 =5 [1+ 0-002666 — 0- 00000711 |

— 5[1- 002659]
= 5.013295

= 5.0133 (correct upto four places of decimal)

5.14.4 Extract of fifth root of 244 correct to the three places of decimal.

Sol:  (244)Y® = (244)Y° = (243+ 1)V°

- )"
=243 1+ —
243
17%
= 31+—5
3
i sle) ay
=3 1+E%+5 5 (isj Foeeeans
"5 3 2! 3
_3 1+ i i 1 .........
I 35 25 40
1 1 8 1
:3+_____+ ...........
5 34 100 3

1
=3 +=(0-01234) - 5 (0-00005)
5 100

=3+ 0-00247 — 0-000004

= 3.002466
5.14.5 Findthe coefficient of x10 int he expansion of il 2X2
(1-2x)
So: I (14 2x) (1-2x) 2

(1- 2x)?
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= (1+2x) [1+ 2(2x) +3(2x)% + 4(2x)% + - +10(2x)° +12(2%)"0 + oo ]

=(1+2x) [1+ 4X +12x% 1o 110-2° %% 41220 504 ]

- required coefficient —=11. 2% + 2.10.2% = 21504 .

. . n . . 2 3 4 2/3

5.14.6 Find the coefficient of X in the expansion of (1+x+x X F X e ) where
|x|<1.

Sol:  We have

( 2 3 4
T4HX 4+ X 4+ X X Foreeeeeeeeeens

i [ﬁfg fa0 e

BEAGAES, .,
0,00, 000, Be6E,.,

-, Coefficient of x" in the expansion of

23 .
(14 x x4, )" isgivenby
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@ @ @ (131j ............ {0 n factors

5.14.7 If x isvery small compared to 1, prove that

Sol:  Thegiven expansion

1 2
12 23 (1+xj + (1—x)
= (L+x)"" +(1-x) = 2 3 (neglecting the other terms)

2—}x 1—i
_ 6 _ 12
2+§x 1+§x
2 4

=1—ix—§x
12 4
5
=1-—-X
6

5.15 Summation of a series:

We can find approximate value of aseriesif it ison lines of the expansion of the binomial.

We know (1 + x)” —1+nXx +M NG
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If x issmall compared to 1, we find that term which get smaller and smaller and we take 1 asthe

first approximation of the value of (1+x)” and (1+ nx) asasecond approximation etc. The following
exampleswill illustrate.

5.15.1 Findthesum of infiniteseries:

21 25 1 258 1
1+—  — + — - — + A
3 2 6 22 369 23
Sol: Comparing the given serieswith the expansion
-1
(1+x)n =1+nx+ (n )X o we have
1.2
ax<2. Lo 1
3 2

1
From (1), weget X =—
(1), weget x=—-

Substituting the value of 'x'in (2) we have

n(n-1 1 2.5 1
2 9n? 3:6 52
:(n—l) _> . i-e, 2n—2=5n
n 2
-2
n=—
3

and from (1), we get X=7

Hence the given series = (1+ x)"
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N

_ 23
5.15.2 Sumof thefollowing series:

5 5.7 5.7-9
+

2+ + +
213 33 ad

Sol:  Thegiven seriesis

2
1+1+E.}+£ (Ej F o
21 3 3 3

Comparing the seriesin the braket with the expansion

Acharya Nagarjuna University]+

(1+x)n=1+nx+n n G T we have
NX =1-cceeeeeeee 1
n(n-1 5 1
(n-1 2 51 . (2)
2 2! 3
1
From (1) we get X:ﬁ
L n(n-1 1 5
Substitutingin (2), we get T
2 n 6
-1 5 .
:>n—=—, e, 6Nn-6=10n
2n 6
-3
=>n=—
2

2
From (1) weget X= 3

Hence the given series
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-3/2
-2
3

=33

1.3 1.3-5 1-3-5.7

1
5153 If y=—-+ + + e

3 3.6 3-6-9 3:-6-9-12

Prove that y? + 2y — 20
Sol:  Thegiven series may be written as

1.3 1-3-5

1
y=-1+|1+—-+—+
3 3 3-6-9

(o3}

Comparing the seriesin the bracket with

(1+x)" =1+ nx+ n

-1 1-3
and n(n )X2= .............. (2)
1.2 3-6

Solging for nand x, we get

n="1 ad x=_"2
3

Permutations ... ]*“'
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:>y+1=\/§

= (y+1)° =3

:>y2+2y +1=3
2
=y +2y-2=0
5.15.4 Sumthe series;

1 1-4 2 1-4.-7 3
1+—Xx + X+ X
3 3-6 3-6-9

Sal: Let the given seriesbeiolentical with

(1+y)n :1+ny+n(r;|_1)y2+ ........... @

Equating the second and third termsin the two series, we get

1
MY =X coeeeennnnnn (2)
Y73

nin-1) 2 1-4 2

and =
2! y 3-6
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X

Ly .
e
3

Hence the sum ofthe given series = (1+ y)" = (1- x)_]/3

5.15.5 Sumof the seriestoinfinity

e
N
~
|~

1+

+

1 +1‘4‘
2 3.6-9 43

wlkF
NG
w
o

Sol:  Comparing the given serieswith the expansion

n(n-1)

2
X R
1.2 we have

(1+x)" =1+ nx+

1
From (1) weget X =——
(1) weg on

Substituting the value of x in (2) we have

Permutations ... ]*“'
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and from (1) weget X = 7

1)‘3/3

Hence the given series = (1+ x)” = [1_ -

5.15.6 Sumof theseriestoinfinity

Acharya Nagarjuna University]+

1 1.4 1 147 1
1+_2+_._4+ ._6+ ...........
3 1.2 g5 1.2.3 4
Sol:  Comparing the given serieswith the expansion
nn-1
(1+X)n:1+ nx+(1—2) X2+ ........... we have
1
NX=Ziieernnn.. D
9
nn-1 1-4 1
(n-1) 2 14 1 . (2)

1
From (1), weget X =—
(1) g on

Substituting the value of x in (2) we have

An-1) 1 1

L4 1
7 eln A 2 B

n-1=4n

o
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and form (1), weget X =?

Hence the given series = (11 + x)"

5.16 Answersto SAQ:
5.16.1 Answer to SA.Q. of 5.12.3:

5 2
1 -1 -1
(x - —j = 5C0 x5 + 5C1 x4 [—j + 5C2 x3 (—j
X X X

3 4 5
5. 2(-1 5 —1j 5(—1j

+ Cox | —| + Cyx|— | + C.|—

1

3
X

x5 sds10x-10-145. L -1
X x°

5.17 Summary:

Inthislesson we "discussed permutations and combinations, circular permutations and their related
problems. Also we discussed Binomial theorem , summation of series and its applications.

5.18 Technical Terms:

Permutations,cambinationsfactorials

Binomial theorem, summation of series

Binomial coefficients.

5.19

Exercise:
1) Evauae(i) 15 P, (i) 4 P
2 Find'n'if (i) (n-1)P; :(n+1) Py =5:12
i) (n+3)P,:(n+2) P, =14:1
3) How many different numbers of six digitscan beformed with thedigits 3,1, 7,0, 9,5? How
many of these have 0 in ten's place?
4)  How many different arrangements can be made by using all the letters of the word

(i) MONDAY (i) ORIENTAL?
How many of these arrangements being with A and end with N ?
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5
6)
7

9)

9)

10)

1)

12)

13)

14)

15)

How many numbers greater than amillion can be formed withthedigits 1, 7, 10, 7, 3, 7?
In how many ways can 8 boys form aring?
In how many ways can 10 letters be posted in 5 | etter boxes?

n

Find the value of 803 , 2 C

19 ° n-3°

There are 10 professors and 20 students out of whom a committee of 2 professors and 3
studentsisto beformed. Find the number of waysin which thiscan be done. Further in how
many of these committees?

(i) aparticular professor isincluded?
(ii) aperticular student isincluded?

From 7 gentlemen and 4 ladies a committee of 5 isto be formed. In howmany ways can this
be done so asto include at least one lady?

4

X 2
s () (3 - af 0 (%42
pand (i) (3x - 4) Hi3+3
Write down and simplify

(i) The 11th termin the expansion of (y + 4x)30

3x 4 jlz

. th . .
_ + —_
(i) The 5 termintheexpansion of ( 2 T3x

Find the coefficient of

9
() x intheexpasnion of (a x* - bx)
20
(i) xt0 in the expansion of [sz _lj
X

23

10
(i) x~ 2 intheexpansion of {Zx— 1 J

Find the termindependent of x in

9 9 9
) 1 (3 2 1 ... (4 2 3
| 2X + —— i) | =x" - — ) | —x° - —
! [ X+3XZJ X (2 3XJ o (3)( ZXJ

n
If the coefficients of x7 and x8 in the expansion of (3+ fj areequal, findthevalueof n.
2
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Sum of the following series:

3 -5 3.5.7
16) 143,33, +
4 4.8 4.8-12

1 1

17) 1+2.l+3._+4._+ ...........
3 ¥ 3

18) 1+E+ 2:5 + 2:58
9 9.18 9.18.27

1.3 1-3-5 1.3-5-7

19) Provethat + + +
36 3-6-9 3-6-9-12

20) Provethat\/_zg{pri 13 i4+

1
. ...
102 12 0% 1-2:3 90 }

15.21 Model Examination Questions:

5.22

1) Findthevaueof "r if *c ='c

r r+2

2)  How many wayscan 5 boysand 6 girlsbe arranged in arow so that all the 5 boys aretogether.

3) A guestion paper contains 6 questions, each having an alternative. In how many ways can an
examine one or more guestions?

4)  Sumthefollowing series:

11 1.4 1 1-47 1
1+—  — 4+ —— - — + S
34 36 42 369 4
5) Provethatﬁ=1{1+i2+1_3i4+135i4+ ........ i|
50 100 12 10" 1:2:3 g0
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Lesson - 6

SET THEORY

Objective of the lesson:

After studying this lesson the studentw will be in a position to know about methods of decribing
a set, types of sets, operations on sets, demorgan laws, cartision products.

Structure:
This lesson has the following compenets.
6.1 Introduction
6.2  Definition of a set
6.3 Methods of decribing a set
6.4  Types of sets
6.5 Venn Diagrams
6.6 Operations on sets
6.7 De. Morgan Laws
6.8 Number of elemens in a finite set
6.9 Solved Examples
6.10 Ordared Pair
6.11 Cartesion products

6.12 Exercise

6.1 Introduction:

In sets we deal with a group of objects which can be defined in terms of their distinctive
charactorstics, magnitudes etc. In settheory the oeprations are called as intersection ), union |J

and complementation { } respectively.

Set theory play an important role in modern mathematics. In almost whole of the business
mathematics the set theory is applied in one form or the other.
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6.2 A Set:

A set is a collection of well defined and well-distinguished objects. From a set it is possible
to tell whether a given object belongs to a set or not.

Examples: (1) The vowels in English alphabets.
(2) The integers from 1 to 50

Note: The set of all beautiful girls in the class is not a set. It is not well defined set.

6.3 Methods of Decribing a Set:

There are two methods to describing a set.
1. Tabular, Roster or Enumeration method.
2. Selector, property builder or rule method.

1. Tabular Method: Under this method we enumerate or list all the elements of the set within
braces.

Example: (1) Asetofvowels: A={a, e,i, 0o,u}
(2) Asetofevennumbers ={2,,4,6, - }

(3) Aset of prime ministers P = { Nehru, Shastri, Indira Gandhi }

2. Selector Method: Under this method the elements are not listed but are indicated by
description of their characterstics.

Example: (1) A ={x/x is a vowel in English alphabet }
B = { x/x is an even natural number |

C ={ x/x is a primeminister of India }

The vertical line "/" after x to be read as 'suchthat’. Some times we use ":" to denote
'such that'.

6.4 Types of sets:

Finite Set: The number of elements in a set is finite than the set is called finite set.
Eg: () A={12,3,4,5,6}
(i) B={12,oeoeeeeeeennnns ,100}

(i) C = {x/x is a natural number < 20 |
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6.4.1

6.4.2

6.4.3

6.4.4

6.4.5

6.4.6

Infinite Set: The number of elements ina set is infinite than the set is called an infinite set.

Eg: () A={123, - }
(i) B={x/x isan even integer}

(i) C ={ x/xisa prime number |

Singleton Set: A set containing only one element is called a singleton set.
Eg: () A={a}

(i) B=1{0]

Empty Set or Null Set or Void Set: Any set which has no element in it is called an empty
set. Itis denoted by ¢ (radius phi).

Eg: () A ={x/xis a perfect square of aninteger, 31< x < 35}

(i) B = The set of integers between 1 and 2.

Equal Sets: Two sets A and B are said to be equal if for every element of A is also an
element of B and every element of B is also an element of A. i.e.

A=Bifandonlyif { xe A < x B}

Eg: () If A={3,4,4,7,9},B={3,4,7,9) ThenA=B

Equivalent Sets: FI the elemens of one set can be put into one to one correspondence
with the elements of another set then the two sets are called equivalent sets.

The symbol = isused to denote equivalent sets.

Eg: A={a,b,c,d,e} &B={2,3,4,56}

Here the elements of A can be put into one-to-one correspondence with those of B
thus

Hence A =B

Sub Sets: If every element of a setAis also an element of a set B. Then the setAis called
subset of B. Itis denoted as A = B and read as 'Ais a subset of B' or ‘A is contained in B'.

Some times this relationship is written as B o A and is read as B is a super set of Aor B
contains A.
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6.4.7

6.4.8

6.4.9

ie. AcBif xeA=xeB

If Ais not contained in B then we write itas A ¢ B
Examples of subsets. (i) A = {2,3,4,7},B={1,2,3,4,5,6,7,8)

LAcB

(i) If Ais a set of books on 9" class mathematics in library and B is a set of books on
mathematics in library then A < B

(i) Let A={x/x isa+ ve powerof 3} ={3,3%,3%, ....... }=1(3,0,27, cconnn. !
B = { x/x is an odd +veintegers } ={1,3,5,7,9,11, -------- }
Then AcB

Proper Sub Sets: SetAis called proper subset of super set B if each and every element of
set Ais the element of the set B and atleast one element of super set B is not an element of
A

Itisdenotedas A =B
Example: A={1, 2,3},B={1, 2,3,4,5,6},0:{1, 2,3,4,5,6,8}

Here, AcB & BcC

Family of Sets: If all the elements of a set are sets them solves then it is called a set of sets
or is a 'family of sets'.

For example, if A={a,b} thentheset A={¢,{a} {b} {a b}} isafamily of sets
whose elements are subsets of the set A.

Power Set: From a set containing n elements 2" subsets can be formed. The set consisting

of these 2" subsets is called a power set. In otherwords, if A be a given set thent he family
of sets each of whose number is a subset of the given set A is called the power set of A and
is denoted as P(A).

For example (i) If A={a} thenits subsets are ¢,{a}
~P(A)={¢,{a}}

(i) If A={a,b}then P(A)={¢ {a},{b} {ab}}
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(i)  fA={ab,c}then

P(A)={4{a}.{b}.{c},{ab} (bc) {cal abc))

6.4.10 Universal Set: When analysing some particular situation we are never required to go
beyond some particular well defined limits. This particular well-defined set may be called
the universal set for that particular situation. The universal set generally denoted by the
symbol J.

Examples: (i) A setof integers may be considered as a universal set for a set of odd or
even integers.

(ii) A set of chartered accountants in India may be considered as a universal
set for a set of fellows or associates of C.A.'s

(i) A deck of cards may be a universal set for a set of spade.
6.5 Venn Diagrams:

The venn diagrams are named after english logician John Venn (1834 - 1923) to present
pictorial representation. The universal set, say U is denoted by a regin enclosed by a rectangle and
one or moe sets say A, B, C are shown through circles o closed curver within these rectangles.
these circles intersect each other if there are any common elements amongst them, if there are no
common elements then they are shown separately as disjoints.

6.6 Operations on sets:
Operations on ssets are intersection (), union |J and complementation (-)

6.6.1 Intersection of Sets: The intersection of two sests A and B is the set consisting of all
elements which belong to both A and B. The interection of A and B is denoted as AN B
which is read as "A intersection B".

l.e. ANB={x/xeA andxeB}

In other words xe ANB=xecAandx B

The following diagram show the intersection of sets can be expresed by venn diagrams.

ANB =0
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6.6.2

6.6.3

Examples: (1) Let A={1,23,4,5},B={4,5,6,7,9} andC={3,4,6,8}
Then
ANB={4,5}
(ANB)NC=1{4}
BNC={4,6}
AN(BNC)=1{4}
Note that
AN(BNC)=(ANB)NC
(2) K A={x/xisaninteger, 1<x <40} and
B ={ x/xisaninteger, 21<x <100}, then
ANB={x/xisaninteger,21<x <40}
Properties of intersection of sets:
(1) A N B is the subset of both the set A and the set B.
i.e. (ANB)<A and (ANB)<B
(2) Intersection of any set with an empty set is the null set. i.e.
AN¢=¢ foeverysetA.
3) Intersection of a set with itself is the set itself. i.e.
AN A=A forevery setA.
(4) Intersection has commutative property. i.e.
ANB=B(NA foreverysetsA, B.
(5) Intersection as associative property. For any three sets A, B and C.
(ANB)NC=AN(BNC)

Union of Sets: The union of two sets A and B is the set consisting of all elements which
belong to either A or B or both. The union of Aand B is denoted as A U B read as A union B
ie.

AUB={x/x eA orxeBorxeboth AandB}
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Inother words

xeAUB=xeAorxeB

Example: (1) LetA={12,3,4},B={2,4,5,6} and C={3,4,6,8}
Then

AUB={1,2,3,45,6}, (AUB)UC={12,3,4,5,6,8}
BUC={2,3,4,56,8},AU(BUC)={1,2,3,4,5,6,8}
Notethat (AUB)UC=AU(BUC)
(2 A={12,34},B={0},C=¢ then
AUB={0,1,2,3,4},AUC={1,2,3,4}=A&BUC={0}=B
(3) If A={x/xisanintger, 1<x <40} and
B ={x/xisaninteger,21<x< 100} then

AUB={x/x isaninteger,1<x <100}

The union of two sets can be illutrated more clearly by ven diagrams as shown below:

b/

A s E=-AUB E=ANB

Total shaded = AUB
AUB=A,BcA
6.6.4 Properties of union of sets:
1. Theindividual sets compoing a union are member of the union. In other words

Ac(AUB) and Bc(AUB)
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2.

It has an identity property in an empty set. Therefore
AU¢=A , foreverysetA.

Union of a set with itself is the set itself. i.e.
AUA=A,foreverysetA.

It has a commutative property. i.e.
AUB=BU A for every sets

It has an associated property is for any three sets A, B and C.

(AUB)UC=AU(BUC)

6.6.5 Distribution laws of union and interection: LetA, B and C be any three sets then

(1) Au(BNC)=(AUB)N(AUC)

(2) AN(BUC)=(ANB)U(ANC)

6.6.6 Complement of aset: The complement of a set is the set of all those elements which do
not belong to that set. In other words If U be the universal set and A be any set then the

complement of set Aithe set U - Aand s dentoed as A’ or A° A or ~A ie.

A'=U-A={x/xeU,xegA}={x/xegA}

Example: If u={1,3,5,9,10,18} and A ={3,5,10} then

A" =U-A={1,9,18)}

Venn diagram showing thecomplement of the set A int heset U is given below:

= ERA

6.6.7 Propertes of Complementation:

1.

The intersection of a set A and its complement A’ is a null set.

ie. ANA =6
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6.7

6.7.1

2.

De.

The union of a set A and ts complement A’ is the universal set.
ie. AUA'=U

The complement of the universal set is the empty set and the complement of the
empty set is the universal set i.e.

ut= ¢ and o' =U

The complement of the complement of a sete is the set itself.
e. (A) =A

If AcBthenB' cA’

Expansion or contration of sets is possible by taking into account the complements of
a set.

() (ANB)U(ANB)=A (i) (AUB)N(AUB)=A
Morgan Laws:

Complement of a union is the intersecton of complements. i.e.

(AUB) =A'NB foranysets Aand B

Complement of an intersections is the union of the complements.
(ANB) =A"UB’

If A, B, Care any three sets, then

) A-(BUC)=(A-B)N(A-C)

i) A-(BNC)=(A-B)U(A-C)

Some useful results on difgference, union and intersection:

1.

2.

AUB=(A-B)UB foranysetsAand B
AN(B-A)=¢

A-(A-B)=ANB
A-B=A=ANB=¢

AN(B-A)=¢
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6. A-B=AN(-B)

7. A -B =B-A

8. AN(B-C)=(ANB)-(ANC)
9. AN(B-C)=(ANB)-C

10. AU(B-C)=(AUB)-(AUC)

6.8 Number of elemens in a finite set:

From operations on abstract sets we now switch over to the numbers attached to a set
which is of great practical utility in finding out the values of new sets formed through operations on

some basic sets. Therefore, we find it convenient to introduce a symbol "n ( A)" to denote the
number of elements in a set A. We derive a formula for n(AUB) interms of
n(A),n(B)andn(ANB).

First we observe that it Aand B are disjoiti.e. ANB=¢ thenn(AUB)=n(A)+n(B).

If Aand B are not disjoint then they have some elements commn to them.

Consider the following venn diagram.

= A-B, =B-A, =ANB

Formula: n( AUB)=n(A)+n(B)-n( ANB)

6.9.1 Example: Acompany studies the product preferences of 20,000 consumers. It was found
that each of the products A, B, C was liked by 7020, 6230 and 5980 respectively and all the
products were liked by 1500; Products A and B were liked by 2580, products A and C were
liked by 1200 and products B and C were liked by 1950. Prove that the study results are not
correct.

Solution: LetA, B, C denote the set of people who like products A, B, C respectively.
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The given data means
n(A)=7420, n(ANB)=2580, n(ANBNC)=1500 -
n(B)=6230, n(ANC)=1200, n( AUBUC)=20,000 -
n(C)=5980, n(BNC)=1950 -
We also know that
n(AUBUC)=n(A)+n(B)+n(C)-n(ANB)-n(ANC)-n(BNC)+n(ANBNC)
=7020 + 6230 + 5980 — 2580 — 1200 — 1950 + 1500

=15,000 = 20,000

6.9.2 Example: In aclass of 25 students, 12 students have taken economics. 8 have taken
economics but not polities. Find the number of students who have taken economics and
politics and those who have taken politics but not economics.

Solution: Total number of students = 25
n (A) = Number of students taking economics = 12

n (B) = Number of students taking politics.

We havetofind n( ANB) and n(BN A)

Now n(A)-n(ANB)+n(ANB) [A=(ANB)U(ANB)]
= 12=8+n(ANB)
= n(ANB)=12- 8= 4
Also n(AUB)=n(A)+n(B)-n(ANB)
= 25=12+n(B) -4
n(B)=17
Again n(B)=n(ANB)+n(A'"NB)

17=4+n(A'NB)

n(A'UB)=17 - 4=13
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6.9.3 Example: Out of 880 boys in a school, 224 played cricket, 240 played hockey and 336
played basketball of the total 64 played both basket ball and hockey 80 played cricket and
basketball and 40 played cricket and hockey 24 boys played all the three games. How many
boys did not play any game and how many played only one game?

Solution: Letthe C, Hand B denote the sets of player playing Cricket, Hockey and Basket
ball respectively. Now we are given

n(C):224 n(H):240 n(B):336
n(HNB) = 64 n(CNB)=80 n(CNH)=40
and n(CNHNB) = 24 and n(S) =880
() Number of players who played at least one game is given by
n(CUHUB)=n(C)+n(H)+n(B)-n(CNH)-n(HNB)-n(CNB)+n(CNHNC)
=224 + 240 + 336 — 40 — 64 — 80 + 24 =824 - 184 =640
- Number of boys who did not play any game
=n(S)-n(CUHUB) =880 - 640 = 240

(i)  Nown(CNH)=n(CNHNB)+n(CNHNB)

= 40=24+n(CNHNB)
= n(CNHNB')=40-24=16
Similarly

n(CNBNH)=80-24=56 and n(BNHNC') =64 - 24 =140
Number of boys who played only basket ball can be obtained from
n(B)=n(BNHNC)+n(BNHNC)+n(BNHNC')+n(BNHNC)
336=n(BNHNC')+56+40 + 24
n(BNHNC)=216
Hence number of boys who played only basket ball are 216.
Also n(H)=n(HNB'NC')+n(HNBNC')
+n(HNB'NC)+n(HNBNC)

=N 240 =n(HNB'NC')+40 +16 + 24
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6.9.4

= n(HNB NC') =160

Similarly n(C)=n(CNB' NH)+n(CNBNH)+n(CNB'NH)+n(CNBNH)
= 224=n(CNB'NH')+56 +16 + 24

= n(CNB'NH) =128

Hence the number of students who play only hockey and cricket are 160 and 128
respectively.

- Number of boys who played only one game.
=n(BNHNC)+n(HNB'NC')+n(CNB NH)=216 + 160 + 128
=504

Example: Aninquiry into 1,000 candidates who failed at ICWA final examination revealed
the following data:

658 failed in the aggregate 166 failed in the aggregate and in group |
372ingroup | 434 failed in the aggregate and in group Il
590 ingroup Il 126 failed in both groups

You have to find out how many condidates failed in:
(@) allthe three
(b)  inaggregate butnotin group Il
(c)  grouplbutnotinthe aggregate
(d)  group Il but notingroup |
(e) aggregate or group Il but notin group |
) aggregate but notin group land Il

Solution: Let n(4) denote the students who fail in the aggregate n(B), those who fail in the
group | and n(C) those who fail in the group Il.

Therefore those who fail in all three will be represented by n(ANB N C) and those

who failinAorBor Cby n( AUBUC). WE are using + for union, - for not and we are not

using sign of intersection (in the diagram). The number of elements in a set are shown here
by putting n before the braces indicating a given set. We know that

n(AUBUC)=n(A)+n(B)+n(C)-n(ANB)-n(BNC)-n(ANC)+n(ANBNC)
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Now by substituting values in the above, we get

(@ 1000 =658 + 372 + 590 — 166 — 434 —-126 +n(ANBNC)
n(ANBNC)=106
(b)  Now we have to find out the value of n( AN C) viz,

n(ANC)=n(A)-n(ANC)=658-434 =224

This we can very easily be verfied by use of the following figure also:

Aggregate (A) Group |

Group Il (C)

(c) In this case we have to find the value of n(BﬂK) which can the obtained as follows:
n(BNA)=n(B)-n(BNA)=372-166 = 206
(d) Here we have to find the value of n(cﬂE),which we can obtain as follows:
n(cnNB)=n(CNBNA)+n(CNBNA)=2328 +136 = 464
(e) Here n[(AUC)-B]=n[(A-B)U(C-B)]
=n(ANB)+n(cnB)-n(ANBNC)
=n(ANBNC) +n(ANBNC) +n(CNBNA)
+n(cNBNA)-n(ANBNC)
=n(ANBNC)+n(ANBNC)+n(CNBNA)

=164 + 328 + 136 = 628
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()  Wehavethevalueof n( ANBNC) equal to 164.

6.10 Ordared Pair:

An ordered pair of objects consists of two elements a and b written in parentheses (a, b)
such that one of them, say a is designated as the first member and b as the second member.

Illustration:

0] The natural numbers and their squares can be represented by ordered pairs in the following
manner:

(1,1);(2,4);(3,9);(4,16) ;-----nenne

(i) The points in plane can be represented by an ordered pair (x, y) where x is the first coordinate
called abscissa and y the second coordinate called ordinate. Thus a point represents an
ordered par.

(i)  The order of occurrence of members is of prime importance in an ordered pair. For example
an ordered pair (3, 5) is not the same as an ordered pair (5, 3).

(iv)  Two odered pais (a, b) and (c, d) will be equalifand onlyifa=c and b=d.
In other words
(a,b)=(c,d)=>a=c,b=d-
6.11 Cartesion Products:
Definition:

If Aand B be any two sets then the set of all ordered pairs whose first membe belongs to set
A and second member belongs to set B is called is cartesian product of Aand B in that order and is

denoted by A x B, to be read as 'A cross B'.

In other words, if A, B are two sets then the set of all ordered pairs of the form (x,y) where
x € A and y e B is called the cartesian product of the sets Aand B. Symbolically

AxB={(x,y):xeAandyeB|
[llustration:

Let A={12,3,4,5},B={a,b,c,d}-
AxB={(1,a),(Lb) (L¢) (2d).(2.a) (2,b).(2.¢).(2.d)(3.a)(3.b)
(3,¢).(3,d).(4.2).(4,b),(4,¢),(4,d),(5,2),(5,b)(5,¢),(5,d)}
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Similarly we can write down B x A

Example:
If A={1,2,3}and B={2,3} prove that

AxB#BxA

Solution:

The cartesian product of sets are:
AxB={(12),(1,3),(2,2),(2,3),(3,2),(3,3)}
and BxA={(2,1),(22),(2,3),(3,1),(3,2),(3,3)}
we notice that (1, 2) and (1, 3) which are the elements of A xB are not elements of B x A

AxB=BxA

Example:
A={14},B={2,3},C={3,5} provethat AxB= BxA

Alsofind (AxB)N(AxC)

Solution:
AxB={(1,2),(13),(4,2),(4,3)} and
BxA={(2,1),(24),(3,1),(3 4)}
Cleary AxB=BxA
Moreover AxC={(13),(15),(4,3),(4,5)}
Thus (AxB)N(AxC)={(13),(4,3)}
If be a set of real numbers then R xR = R? denotes the cartesian plane as

RxR={(x,y):xeR,yeR}

each element of this set represents cartesian coordinates of a point in plane.



+{B usiness Mathematics ]+++++++++++++ ++++++++++++++++++++++[ SET Theory ]++

Example:
Let A={a, b},B={p,q}andC={q,r}
Find (a) Ax(BUC)
(b) (AxB)U(AxC)
(c) Ax(BNC)

(d) (AxB)N(AxC)

Solution:
(@ IfBUC=(p,qr)

Then Ax(BUC)={ab}x{p,q,r}
={(a,p),(a,q),(ar),(b,p), (b,a), (b,r)}
(b) Since  AxB={(a,p).(aq)(ar)(b,p), (b q)(br)}

AxC={(aa),(ar) (ba) (b1)}
Then

(AxB)U(AxC)={(ap) (aq) (b p)(ba)(ar)(br)}
From (a) and (b) we get
Ax(BUC)=(AxB)U(AxC)
(c) BNC={q}
Ax(BNC)={ab}x{a}={(a qa) (b a)}

(d (AxB)N(AxC)={(aq)(b,a)}
From (c) and (d) we find that
Ax(BNC)=(AxB)N(AxC)
Example:

If A={1,4};B={4,5};C={5,7} verify that

Ax(BNC)=(AxB)N(AxC)
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Solution:
We have
BNC={5}
Ax(BNC)={(15)(4,5)} (1)

AxB={(14),(15),(4,4),(4,5)}
AxC={(1,5),(L7),(15).(47)}
(AxB)N(AxC)={(14),(4,5)} 2
From (1) and (2) we have
Ax(BﬂC)z(AxB)ﬂ(AXC)

6.12 Exercise:

1. Define the following and give an example of each
(i) Subset of a set (i) Complement of a set (iii) Union of two sets
(iv) Intersection of two sets (v) Disjoint of sets.

2. Let v={0,12,3,4,56,7,8,9}, X={0,2,4,6,8},Y={3,5,7}andZ={3,7}
Find (i) yuz (i) vuynx (i) (xUz)uv

(iv) (xUY)nz (v) (UV)N
3. IfA={5,6,7,89),B={24,6,810,12},C={3,6,9,12}
Verify that AU(BNC)=(AUB)N(AUC)
4. LetP={12x},Q={ax.y},R={xy,z}-
Find () PxQ (i) PxR (i) QxR (iv) (PxQ)N(PxR)

(V) (PxQ)N(RxP) (iv) (PxQ)U(RxP)

Lesson Writer

B. Rami Reddy



Lesson - 7

FUNCTIONS - LIMITS AND
CONTINUITY

Objectives:
After studying this lesson, the student should be able to understand -
> Functions, mappings, notations for functions and types of functions.
> The concept of limit of a function

> The continuous function at a point and in an interval.

Structure:
This lesson has the following components:
7.1  Introduction
7.2 Mapping
7.3  Notations for functions
7.4  Types of functions
7.5 Limitof afunctions
7.6  Methods of Evaluating Limit of a function
7.7 Someimportant limits
7.8 Left hand side and Right hand side linits
7.9 Solved problems
7.10 Continuity of a functions
7.11 Continuity in an interval

7.12 Exercise

7.1 Introduction:

A function is a technical term used to symbolise relationship between variables. When two
variables are so related that, for any arbitrarily assigned value to one of them, there corresponds a
definite value (or a set of definite values) for the other, the second variable is said to be the function
of the first.
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For example, the distance covered is a function of time and speed, the railway freight charged
is a function fo weight or volume, the quantity demanded or supplied is a function of price, etc. The
area of a circle depends upon the length of its radius and so the area is said to be the function of

radius.
The idea of function is sometimes expressed as:

The relationship between two real variables say x and y which are so related that corresponding
to every value 'a’ of x defined as the domain we get a finite value 'b' of y defined as the range then

y is said to be the function of x.
The domain of variation of x in a function is called the domain of the definition.

The fact that y is a function of a variable x is expressed symbolically by equations:

y=f(x),y=F(x),y=0(x)etc...
The set of the values of x belonging to the domain or a function generate another set which
X

consists of values of y {or f(x)}. This generated set is called the range of the function f(x ).
If a is any particular value of x, the value of the function f( x ) for x=a is denoted by f(a).

We shall now clarify the above concept of function by following examples:
(0 If y is always equal to x? then y is a function of x and we write y = x
[here f(x)= xz]

Similarly cos x, e”,log x, (x +a)" etc., are all functions of x
(i) If y is defined by saying that

y = x2 when x>2
y=x-1 when x<2
Here y is defined as a function of x but two formulae have been used to defined
the function, one holds for one part of the domain and the other for the remaining part

of the domain.
Consider the two numbers x and y with their relationship defined by the equations:

(i)
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The domain of definition of this function which is expressed by three formulae is
the whole set of real numbers. The first formula is used for the domain of all real
numbers less than 0. The second formula is used for the domain of all real numbers
lying between 0 and 1. The third formula isused for the domain of all those real
numbers which are greater than 1.

(iv) Let y=x!
Here y is a function of x defined for aggregate of positive integers only.
(v) Let y =|x|

Here y is a function of x defined for the entire field of real numbers. The same
function can also be defined as follows:

y=X when x>0
y=-X,whenx <0
7.2 Mapping:
In modern mathematics the equivalent expression for a function is mapping.
Definition:

If fis a rule which associates every element of set X with one and only one element of set Y,
then the rule f is said to be the function or mapping from the set X to the set Y. This we write
symbolically as

f: X>Y

If y is the element of Y corresponding to an element x of X, given by rule f, we write this as

yfx ory=f(x) and read as'y' is the value of f at x2

7.3 Notations for functions:

The mere fact that a quantity is a function of a single variable, say X, is indicated by writing

the function in one of the forms f(x), F(x), ¢(x),g(x),--------- A CIN A CORTITRRES If one of these occurs
alone, itis read "a function of x" or "some function of X" if some of these are together, they are read

"o

"the f - function of x", "the F function of x", "the phi-function of x", ........ The latter y is often used to
denote a function of x.

Sometimes the exact relation between the function and the dependent variable (or variables)
is stated as for example

f(x)=x° +3x -7 ory:x2+3x—7,F(x,y):2eX+7ey+xy—1
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In such cases f - function of any other number is obtained by substituting that number for x in

f(x) and the F - function of any two numbers is obtianed by substituting those for x and y respectively
in F(x, y). Thus

(ii)

(iii)

(iv)

f(z)=2"+32-7,1(4)=4" +3x4-7=21

Constants: The symbols which retain the same value throughout a set of mathematical
operations are called constants.

It has become customary to useinitial alphabets a, b, c, ............ as symbols for
constants. These are of two types:

(@) Absolute Constants: Those which have the same value in all operations and
discussions. For example 7, ﬁ etc., e are absolute constants.

(b) Arbitrary Constants: Those which may have any assigned value throught a set of
mathematical operations.

For example, theradius ofa circle or the sides of a right angled trianlge informing
the trigonometric ratios are he arbitrary constants.

Variables: If a symbol x denotes any element of a given set of numbers, then x is said to be
avariable.

The last few alphabets x, y, z or u, v, W, ......... are generally used to denote
variables.

The variables which can take arbitrarily assigned vlues are usually termed as
independent variables. The other variables whose values must be determined in order that
they may correspond to these assigned values are usually termed asdependent variables. It
will be seen later that a "function” and "dependent variable" are synonymous terms.

A continuous Real Variable: If x assumes successively every numerical value of an
aggregate of all real numbers from a given number 'a’ to another given number 'b' then x is
called acontinuous real variable.

A Domain Interval: If a variable x which can take only those numerical values which lie
between two given numbres a and b then all the numerical values between a and b taken
collectively is called domain or interval ofthe variable x and is usually denoted by (a, b).

If the set of values say x is such that a < x <b then the domain or interval (a, b) is

called a closed domain or interval. In this case the number a and b are also included in the
domain.

If the set of x is such that a < x < b then it is called an open domain interval which is

denoted by [a, b] to distinguish it from (a, b ). Here the numbers a and b do not belong to
the domain.
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We may also have semi-closed intervals like.
(a,bJora<x<b; [a,b)ora<x<b

The first interval is closed on theleft and the second one is closed on the right.

We may have domains of variation extending without bound in one or the other
direction, which we write

(-—o,b)orx<b;(a,o)or x>a;(-ow,0) Oranyx.

7.4 Types of functions:

We shall now introduce somedifferent types of functions which are particularly useful in

calculus.

One Valued Functions: When a function has only one value corresponding to each value
of the independent variable, the function is called a one valued function. If it has two values
corresponding to each value it is called a two valued function. In case a function has several
values corresponding to each value of the independent variable, it is called a multiple valued
function or a many valued function e.g.,

(@ Ify= x> , Y is a single valued function of x

(i)  If y=+x,yisatwo valued function of x ( +/x and -/x )
Explicit Functions: Afunction expressed directly in terms of the dependent variable is said
to be an explicit function, e.g. y = x? +2x-5.

In it one of the variables is dependent on the other and the relationship is not mutual
so that the other could be expressed as a dependent variable.

The function which is not expressed directly in terms of the dependent varaible there
is a mutual relationship between two variables and either variable determines the other is
said to be an implicit function e.g.,

0] 2x -3y =0 then x:gyandy: X

(i)  x2+y? =16 sothat x=+16-y” and y =+ 16 - x°

(i) x?-y?-6x-8y-7=0sothat y==(y+4)+3

wlN

Algebraic and Transcendeatal Functions: Functions may also be classified according to
the operations involved in the relation connecting a function and its dependent variable (or
variables). When the relation which involoves only a finite number of terms and the variables
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are affected only by the operations of addition, subtraction, multiplication, division, powers
and roots the function is said to be an algebraic function.

2 2 1 . .
Thus 2x™ +3x" -9, {x - — are algebraic functions of x.
X

All the functions of x which are not algebraic are called transcendetal functions. We
have the following sub-classes of transecendental functions.

(i) Exponential Functions
(i) Logarithmic Functions
(iiif) Trigonometric Functions

(iv) Inverse Trigonometric Functions.

1

Functions, e.9., cos x , tan (x),sin” xe2X log x and log(4x +5) are transcendental

functions of x.

Rational and Irrational Functions: Expressions involving x which consist of a finite number

of terms of the form ax" in which 'a’ is a constant and n a positive integer e.g.,

4x4 +3x3 —2x2 +9x -7
is called a rational integral function of x.

When an expression having more than two terms but only one variable it is called
polynomial in x. For example in

where ag, a5, a,, e ,a,, are constants and m is the degree of the polynomial.

If an expression in X, in which x has positive integral exponenets only and a finite
number of terms including the division by a rational integral function of x, it is a called a
rational function of x, e.g.

X -2
x2+6 7x2—4x+7 X+7

, , +8x-9
3x% +9 (X+5)(2x=3) 442 ;5

Rational integral functions and rational functions are included in rational functions.

An expression involving x which involves root extraction of terms is called an irrational
function, e.g.,

\/Y,\/x2+4x+5+9x—7
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VI.

VII.

VIIL.

We can say a rational function is an algebraic expression which involves no variable
in an irreducible radical form (or under a fractional exponent) a function which can be written

as a quotient of polynomials. The expressions 2x° +1and2+1 are rational but
X

Jx+1 and x3/2 +1 are not.

Monotone Functions: When the dependent variable increases with an increase in the
independent variable, the function is called a monotonically increasing function. For example,
the function of supply is a monotonically increasing function of price. As against this a demand
functions is a monotonically decreasing function of price because the quantity demanded

decreases with every increase in price. Afunction y = f( x ) is called a monotone increasing

function in an interval if a larger value of x gives a larger value of y i.e., an increase in x
causes an increase iny in an interval. Similarly a function is called a monotone decreasing
function in an interval if an increase in the value of x always brings out a decrease in the value

the function in the interval. Thus if x; and x, are only two numbers in the interval such that

X, > X, then
f(x) is monotonically increasing if f( x,) > f( x;)
and  f(x) is monotonically decreasing if f( x,) < f(x,)
Even and Odd Functions: Ifafunction f(x ) issuchthat f(-x)=f(x) thenitis said to be
an even function of x, e.g., xt , 5x2, 7x2 + cosx are all even functions of x.

Now if a function f( x ) is such that

then it is said to be an odd function of x, e.g., x3, 5x + 6x3, sin x are all odd functions of x.

Periodic Functions: A function such that the range of the independent variable can be
separated into equal sub-intervals such that the graph of the function is the same in each

partinterval. The length of the smallest such part is the period. Technicallyif f(x + p)="f(x)
forallxor f(x) and f( x+p) are both undefined, then p is the period of f. For example, the

trigonometric frunction of sine has period 2= radians since
sin (x +2n ) =sin x of all x

Composite Functions: If y=g(u) and u=f(x) then y=g{f(x)}| is called a function of
function or a composite function. For example the volume of a cylindrical water tank is the
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function of area and depth. While, area itself is a function of the radius ( A= mz), so the
function of the volume is the function of the area.

IX. Inverse Functions: If y =f(x), defined in aninterval (a, b) is a function such that we can

express x as a function of y, say x = ¢(y), then ¢(y) is called the inverse of f(x) e.g.,

. 5x+3 - . . . .

0] Ify= i , then x= 3 -9y is the inverse of the first function
2x+9 2y -5

(i) y =sin"* x is the inverse function of x= sin y

. . 3
(iii) x =3y isinverse function of y = X

X.  Continuous and Discontinuous Functions: A discussion on an exceedingly important
classification of functions is given in the next section on limits of a function.

7.5 Limit of a Function:

The limit of a function is that fixed value to which a function approaches as the variable
approaches a given value. The function approaches this fixed constant in such a way that the
absolute value of the differnce between the function and the constant may be made smaller and
smaller than any positive number, however small. This difference continues to remain les than this
assigned number say ¢ when the variable approaches still nearer to the particular value chosen
for it.

The limit of a function say ¢ is then that value to which a function f(x) approaches, as x
approaches a given value say a. In other words, as x reaches closer and closer to a, the function
f(x ) reaches closer and closer to / so that given a positive number ¢ (epsilon), however small

we can find a number & =|f(x) - ¢| such that 5 <& as x approaches closer and closer to a.
Def:

If corresponding to a positive number ¢, however small we are able to find a number § such
that

|f(x) - (| < for all values of x satisfying |x —a|< & then we say that f(x) »¢ as x> a
and write this symbolically as

lim f(x)=1

X—a

It should be remembered that thefunction may not actually reach the limit , but it may get

closer and closer to ¢ as x approaches a so that |f( X)— £| is less than any given value. For

example, let us have a function f(x) = x* - 2. The function approahes the limit 7 as x approaches
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3, we can expressitis lim ( x? - 2) =7 . This can be shown below first with x approaching closer
x—3

and closer to 3 from the lower side:

when x =2.99 f(x)=6.99401
when x = 2.999 f(x)=6-994001
when x = 2.9999 f(x)=6-99940001

Now when x approaches 3 from the higher side, we have

when x = 3.01 f(x)=7-0601
when x =3.001 f(x)=7-006001
when x = 3.0001 f(x)=7-00060001

It is evident from the above that as x is taken closer and closer to 3, f( x ) moves closer and

closerto 7.

7.6 Methods of Evaluating Limit of a Function:

In this section we shall give the various methods of finding the limits. The following are some
theorems on the limits which are often used for evaluating the limits of a function. The proofs are
however, beyond the scope of the book.

If lim f(x)=A and lim ¢(x)=B then

X—a X—a

L lim [f(x)£¢(x)] = lim f(x)* lim ¢(x)=A+B

X—a X—a X—a

This can be extended to any finite number of functions.

. lim [f(x)-¢(x)]= lim f(x)- lim ¢(x) = AB

X—>a X—a X—a
This can also be extended to any finite number of functions.

Ii. It obviously follows that

lim kf(x)=k lim f(x)=k-A

X—a X—a

lim f(x)
im f(X):x—>a _
V. xlaa(b(x) lim ¢(x)

X—a

where lim ¢(x)=#0
X—a

w| >
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. 1 1 1 . .
V. lim = = — provided lim f(x)=0
x—>af(X) lim -f(X) A P X—a ( )i
X—a
VL. lim logf(x)=1log lim f(x)=logA
X—a X—a

7.7 Some Important Limits:

n n
. X —a n-1
l. lim
x—0 X-—a

n
Il. lim (1+n)]/n: lim (1+%) =e

n—0 n—oo

. lim

\VA lim snx_ 1

x—>0 X

7.8 Left Hand Side and Right Hand Side:

lim f(x)= lim f(a—h)=Ilimit of f(x)

X—a-— h—0

when x approaches 'a’ from the L.H.S.

also  lim f(x)= lim f(a+h)=limit of f(x)
X—a+ h—0

when x approaches 'a’ from the R.H.S.
Therefore to find the left hand side limit, we write a - h for xin f(x) and take the limit as

h — 0. Similalry to find the right hand side limit, we write a + h for xin f( x ) and take the limit as

h — 0, where h is always positive.
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7.9 Solved Problems:

Problem 1:
Find the behaviour of % as x—0 from the left hand side as well as fromt he right hand side.

Solution:
For L.H.S. we have
. 1 . . 1
Im —==1Ilm — =1Ilm | —|=—-w
x—>0-X hooVU-— h—0
and  fim L= lim — lim (ljzﬂo
x>0+ X ho00+ hoo\h
Problme 2:
1
Find Iim e*™® when x—a from the left hand as well as from the right hand side
X—a
Solution:

For L.H.S. limit, we have
1 1
h

1
a-h-a . -
= lim e

im e*™® = lim e
X—a— h—0 h—0
= li i:Ofori—moash—)O
h—0 1 h
eh

For the R.H.S. limit, we have
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Problem 3:

4x4 +3x2 -1

3
X +7

Find the limit of when x > 1

Solution:

4 2
We have to find Iim Ax +3x -1
x—1 X +7

Substituting x =1 in the expression we find that it comes out to be a definite number g.

Hene the required limit is 3.

4
Problem 4:
x2 +2x-15
Evaluate lim —
X—3 X =9
Solution:

. . : o . .. :
Replacing x by 3 in the expression, we get 0 which is indeterminate x - 3 must therefore be
a factor of the numerator as well as of the denominator.

Factorising we get

XxX+5 8 4 .
=—=— by putting x =3
x—>3 X+3 6 3 yp g

Problem 5:
2
Prove that lim \/a+x ;\/a_x _ 1
x—0 X \/E
Solution:

We find that if we put x = 0, we get % . In such cases retaionalising the numerator, we have
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Yasx —Ja-x?
; a+x -—ya- . a+Xx —a+x
lim > = |im
X—0 X X—0 xz[\/(a+x2)+\/(a—x2)}
~ 2 1
Ja+0 +\/a—0 \/;
Problem 6:
Evaluate: lim Vi+X
x—0 X
Solution:
im ~/1+x—1_ im J1+Xx —1>< 1+x +1
x—0 X x—0 X \/m+l
— lim (1+x)-1 | im —+ 1
x—0 X( 1+x+1) x>0 J1+x +1 2
Problem 7:

Evaluate: lim F(x +h) -F(x)

h—0

where F(x) = sin® x

Solution:
2 .2 . :
_sin" (x+h)-sinx . sin(2x+h)sinh
lim = lim
= lim [sin(2x+h)m}:sin 2x
h—0 h
Problem 8:

Find  1im J3+x —y/5-x
2
X—1 x =1
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Solution:

Substituting x = 1, we get % , hence by rationalising.

im \/3+x —\/5—x
x—1 X2—1

= lim

x»l(x+1)[\/3+x +\/5—x]

2 1
C(1+1)[J3r1+y5-1] 4
Problem 9:
Show that lim LI L =1
x—>2| X = x2 —3x+2
Solution:

(x—2)(x2—3x+2)

_ lim [x2—3x+2—(x—2)}

x2—4x+4

Problem 10:

-n 2
Show that fim 2 (n +5n+6)—o

now (N+4)(n+5)

Acharya Nagarjuna University ]+
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Solution:
n2 +5n+6
The given limit = fim 27" lim
N now (X+4)(n+5)
. . n2 +5n+6
= lim — - lim
n—o 2 n—>© n- +9n+ 20
1+§+£
— lim im —"_n’
n—o 2 n—o0 1_,_9 @
2
=0x1=0
Problem 11:
Show that lim f(x) exists and is equal to f(1) where f(x)=x+1forx<1
X—1
=3—x2 forx >1
Solution:
We have
f(1)=1+1=2

L-H-L= lim f(x)=lim f(1-h),h>0

X—>1- h—0

=h|iLnO[(1—h)+1]=2

R-H-L-= lim f(x)=lim f(1-h),h>0
X—>1+ h—0

—lim [3-(1+h)?=2]
h—0

Since L.H.L.=R.H.L., lim f(x) exists and is equal to f(1)
x—1
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Example 12:

Discus theexistence of Iim3f(x), if

X ==
2

f(x)=3+2x for —gsx<0

=3-2x forOSX<%

=-3-2x forng
2
Solution:
. . 3
R-H-L-= Ilim f(x)= lim f(§+hj,h>0

X—>=+0 h—0
2

= |lim [—3—2(§+hj}=—3—3=—6
h—0 2

L-H-L-= lm f(x)= lim f(g—hj,h>0

X2 h—0

= lim [3—2(§—hj}:3—320
h—0 2

Since L-H-L-#R-H-L-, Iim3f(x) does not exist.

X—>=
2

7.10Continuity of a Functions:

A function f( x ) is said to be continuous at x = a if corresponding to any arbitrarily assigned
positive number ¢, however small (but not zero) there exists a positive number § such that

|f(x) - f(a)| <e forall |x -a| <3

We note that in order to obtain the above we have to replace ¢ by f(a) in the definition of

f(x) tending to alimit ¢+ as x—a. Hence the above definition becomes:
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A function f(x ) is said to be continuous at a point x=a. If f(x) possesses a finite and

definite limit as x tends to the value 'a’ from either side and each ofthese limits is equal to f(a) so
that

lim f(x)=f(a)= lm f(x)

X—>a-— X—a+

Thus the continuity of a function at point x =a boils down to the determination of three
numbers:

() f(a), (i) lim f(x),Gi) lim f(x)

X—>a— X—>a+
which involves only the simple process of

() replacing x by 'a'in f( x ) and then finding if f(a) is finite and definite.

(i)  evaluating the left hand limit

) ) .t by methods already explained
(i)  evaluating the right hand limit

If all the three number so obtained are equal, then f( x ) is continuous at x = a otherwise itis
discontinuous.

Example 1:

Show that f(x) = 3x° + 2x —1 is continuous at x = 2. Hence prove that f( x ) is continuous
for all values of x.

Solution:
The conditions to be satisfied by a function before we can say that it is continuous at a
particular point say x =a are

f(a), lim f(x)and lim f(x)

X—a— X—a+

should have definite and finite values and that

lim f(x)=f(a)= lim f(x)

X—>a— X—a+

Let us examine whether these conditions are satisfied by f( x ) = 3x° +2x -1 for x =2 Here

a =2 therefore, we have

()  f(2)=32°+2.2-1=15
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Again by the method of finding the left hand and right hand side limits, we have

(i) im (3x? +2x-1)= lim {3(2-h)?+2(2-h)-1}=15

X—>2-— h—0

Left hand side limit = 15

Also (i) im (3x2+2x-1) = lim {3(2+h)? +2(2+h)-1} =15

X—2+ h—0

. Right hand side limit = 15

We findt hat the value of the function at x = 2, the left hand and the right hand limits all exist,
and are finite and equal.

We shall show further that f(x )= 3x% + 2x -1 is continuous for values of x. The method
followed is quite general and the students are required to note it carefully.

Let x =k be any value of x arbitrarily selected and find out whether the given function is
continuous at x =k.

Here a =k therefore (k) = 3k” + 2k — 1 (finite number)

Also fim (3x% +2x-1) = lim (3(k=h)2 + 2(K—h)=1)+roorrrrns (D)

x—>k- h—0

— lim (3k% — 6kh + 3h% + 2k —2h — 1)

h—0
2
= 3K 2K —Leveevneenneeennnenns (2)
Similarly we find that
lim (3x2 +2x —1)=3K2+ 2K ~1vovoveeeenns (3)

x—k+
From (1), (2) and (3) we deduce that the given function is continuous at x =k. since k is
any arbitrary value of x, therefore f( x ) is continuous for all values of x.
Example 2:

Discuss the continuity of

f(x)=1 x=0
(x) < X #
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f(x)=0,x=0
Solution:

f(x) can be written as

f(x)=1 x>0

f(x)=-1,x<0
Graphically the function is discontinuous at x = 0. Analytically we have f(0)=0

Y4

But lim f(x)=-1 which is not equal to f(0).

x—0

Hence the function is discontinuous at this point.

Example 3:
Show that
e ¥x
f(x):'___ﬁi when x =0
1+e
=0, when x =0 is not continuous at x =0
Solution:

Here f(0) =0 given

Xx—>0- ~— h-o 1 (1)
X
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1
—
= lim =0
h—0 1 (2)
1+e N
1 1 vh
= —>woash -0, therefore — —>0ash—»>0 ande” > wash—-0 3
h Y ®3)
- 1/x -1/h
R-H-L-= lim -5 — lim e_h:o
x—>0+1+el/x h—>01+e]/
(2)and(3) = R-H-L-#L-H-L-
lim f(x ) does not exist
x—0
= f(x) is discontinuous at x = 0
Example 4:
Consider the functions defined as follows:
2 2
X -4 X -4
f(x)=——forx<2 f(x)= , forx<2
(@) f(x)="— (b) f(x)==—
f(x)=4,forx=2 f(x)=2, for x>2
f(x)=2,for x>2
x2 4 x> -4
(c) f(x)= ,when0 < x <2 (d) f(x)= when 0 < x <2
X-2 X—2
f(x)=2, whenx =2 f(x)=2,whenx =2
3x+2
f(x)=x+1,whenx>2 f(x)= , When x > 2

Discuss the continuity at x = 2
Solution:

(a) Here f(2)=4 afinite and definite given number. The first condition is, therefore, satisfied.

x2—4

X -2

The function is defined for values of x <2 by f(x)=
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. For the left hand limit we have to take up the first part of function. We then have

im X4y (220 0v2) (x+2)=4

x—>2- X=2  x2- X=2 X—>2—

Again the function is defined for values of x >2 by f( x)=2, therefore the right

hand limit is to be calculated from f(x)=2.

Here we have Ilim 2=2
X—2+

Also we see that f(2)= lim f(x)= lim f(x)

X—>2- X—>2+

Hence the function is discontinuous at x = 2.

(b) Heref(2)=2and lim f(x)= lim 2=2

X—>2+ X—>2+

x> -4 _ . (x-2)(x+2)

But lim f(x)= Ilim lim lim (x+2)=4
X—>2— x—>2- X=2  x52- X-2 X—2-
2 4
Hence f(2)=2# lim
x—2- X—

. Hence f( x) is discontinuous at x = 2
(c) Here f(2)=2 (given)

2

lim =4and lim (x+1)=3

x—>2- X=2 X—2

Which show that

2

im X =% lim (x+1)=f(2)

x—2- X=2  x52+
Hence the function is discontinuous at x = 2
2

(d) Here jim X =4_4 jm 3%X*2_4

x—2- X— x—=2+ X

but f(2)=2 which means that
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lim f(x)= lim f(x)=f(2)

X—>2— X—>2+

Hence the function is discontinuous at x = 2

. . .. . 1
Example 5: Show that the function f( x ) as defined below, is discontinuous at X = >
1
f(x):x,when0£x<5
1
f(x)=1, when X=2

f(x)=1-x, When%<x<1

Solution:

We are given that

f(x):lwhenx:%

which means that f(%) =1, i.e. the value of the function at x =% is 1.

- The first condition is satisfied

Now let us find lim f(x) and lim f(x)

X—>=— X+
2 2

In |irq f(x),we have to find the limit when x — % through those values of x

X—>——
2
. 1
which are less than >

Now f( x)=x is the only part of the function which is defined for values of x such

thatOSX<1
2

Therefore, we should find Iinq x . By the method of finding the left hand limit, we

X—=—
2

have
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N

im x = Ilim (E—hJ:
X_)%_ h—o\ 2

. o . 1
at this stage we stop and say that f( x ) is discontinuous at x = > because

There is no need of finding the right hand limit. In case we want to find the right hand
limit then we must select f(x)=1-x as our function because this is the only part of the

. . L. . 1
given function which is defined for values of x greater than >

7.11 Continuity in an Interval:

A function f( x ) is said to be continuous in the closed interval (a,b) if it is continuous for

every value of xin a < x <b, andif f( x ) is continuous from the right at'a’ and from the left at'b"i.e.,

if lim f(x) exists andis equalto f(a), and lim f(x) exists andis equalto f(b).
X—a+ X—>b—

It is easily deduced from the theorems on limits that the sum, product, difference or quotient
of two functions which are continuous at a certain point are themselves continuous at that point,
except that in the case of quotient in which the denominator must not vanish at the point in question.
Further it is true that the function of a continuous function is a continuous function.

We now take up a few examples to illustrate the method of application of the set of conditions
arrived at in the previous sections to prove the continuity of a function at a point as well as in an
interval.

Example 1:

A function f( x ) is defined as follows:

f(x)= 9X2,forx<1

and f(x):X;3,forx>1

Examine the continuity of f(x ) inthe interval (-3,3)
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Solution:

f(x)= Xg X2 is to be considered for values of x lying between - 3 and 1 because this is he
+

part of the function which is defined for value of x < 1.

The denominator of % becomes 0 when x=-2. But- 2 is a point between -3 and 1.
Hence f( x ) is discontinuous at x = -2 as the function is not defined at x = -2. Again f(1)=3.

and lim i: lim M:
x—>1- X+2 hoo(1-h)+2

x+3: lim 1+h+3:4

x—1+ X hso 1+h

Since the right hand limit is not equal to the left hand limit and is not equal to the value of the
function at x =1, therefore the given function is discontinuous at x =1.

Hence f( x ) is discontinuous at x = -2 and 1, for all other values of x it is continuous.

Example 2:

Show that the function f(x)=x sin( 1/x ), x = 0 is continuous at x =0, where f(0)=0

Solution:
Here f(0)=0
and lim  x sin < = lim (-h)sin(1/-h)= lim hsin(1/h)=0
X—>0- X h-o0 h—0
Also lim X sin 1 lim h sin 1 0
X—>0+ X h-o0 h

Hence the function is continuous at x =0

Example 3:

Show that the function defined as under is ontinuous at x =0

f(x)= x? cos e¥ for all x excepting x =0

Render it continuous by changing its definition.
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Solution:
Here f(0)=1
. . 1
lim x2 cosj/x = lim h2 oS —7- = 0
X—>0- x—0 e]/
Also im x2 cos e¥* = lim h? cos e¥" =0
X—0+ h—0
lim x2 cos el/x =0
x—0

Since lim f(x)=f(0), the function is nto continuous at x =0.
x—0

The function becomes continuous at x = 0 if we define the function as follows:

f(x)=x2 cos e

y X#0
f(x)=0,when x=0

7.12Exercise:

Evaluate the following limits:

2 3 2
. 2X —7X+6 -
1. (a) im 2% _—7X+6 (b) lim X 5X2+2X+2
X—>25x" —11x + 2 X=>1x" +2x° —-6%x+3
4 3 2
() im 4x +§x +Zx +6X
x—0 5x” +7X" +X
2 2 4 3
. X" —=5x+6)|x  —-3x+2 3 -5 7 5
2. @ lim ( 3 )(2 ) (b) lim \/ X X2+ X+
X—>2 X —3X +4 X—>00 4x

3. @  jim V1ex? - J1-x2 ()  fim XX +Xa_;5

Xx—0 X—a

© im \/x2+x—3 —Jx+1

x—2 X =2
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| , 1 2 b . 1 3
A Pt e e B x'ins{H (¢ ~5x-+5)

-3 -3
X —a

(c) lim —

x—>ax - —a

5. Prove that the function x2 + 4x — 2 iscontinuous at x =1

2

6. Prove that the function X _39
X —

is discontinuous at x =3

7. Discuss the ontinuity of the following functions:

0) f(x):latx:o (i) f(x)=i2atx=0
X X

8. Show that the function defined as
f(x)=1forx=0

f(x)=x for x>0
is discontinuousat the end point x = 0

9. (a) Afunction f(x) is defined as follows:

f(x):l—x,when0<x<l
2 2

f(x):§—3x,whenl<x<1
2 2

. . 1
Show that f( x ) is continuous at x = >

Lesson Writer

B. Rami Reddy



Lesson - 8

MATRICES

Objectives:
> After studying this lesson, you should be able to understand -

> Types of matrices, scalar multiplication of matrix, equality of matrices, additions,
subtraction, multiplication of matrices.

Structure:
This lesson has the following components:
8.1 Introduction
8.2  Def. of a Matrix
8.3 Types of Matrices
8.4  Scalar Multiplication of a Matrix
8.5 Equality of Matrices
8.6  Matrix Operations
8.7 Tranpose of a Matrix
8.8 Determinant of a Square Matrix
8.9 Properties of Determinants

8.10 Exercise

8.1 Introduction:

A matrix consists of a rectangular presentation of symbols or numerical elements aranged
systematically in rows and columns describing various aspects of a phenomenon inter-related in
some manner.

It is a powerful tool in modern mathematics having wide applications. Scociologists use
matrices to study the dominance within a group. Demographers use matrices in the study of births
and survivals, marriage and descent, class structure and mobility etc. Matrices are all the more
useful for practical business purposes and therefore occupay an important place in Business
Mathematics. Obviously, because business problems can be presented more easily in distinct
finite number of gradations than ion infinite gradations as we hve in calculus. The matrix form
therefore suits very well for games theory, allocation of expenses budgeting for by-products etc.
Economists now use matrices very extensively in 'social accounting', 'input-output tables' and in
thestudy of 'inner-industry economics'.
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A matrix to put in simple language is a rectangular array of humbers. Now what is a

rectangular array? For this, we consider the following illustrations:

1.

In an elocution contest, a participant can speak either of the five languages: Hindi, English,
Punjabi, Gujarati and Tamil. A college (say No. 1) sent 30 students of which 10 offered to
speak in Hindi, 9 in English, 6 in Punjabi, 3 in Gujarati and the rest in Tamil. Another college
(say No. 2) sent 25 students of which 7 spoke in Hindi, 8 in English and 10 in Punjabi. Out
of 22 students from the third college (say No. 3), 12 offered to speak in Hindi, 5 in English
and 5 in Gujarati.

The information furnished int he above manner is somewhat cumbersome. It can be
written in a more compact manner if we consider the following tabular form:

Hindi English Punjabi Gujarati Tamil
College 1 10 9 6 3 2
College 2 7 8 10 0 0
College 3 12 5 0 5 0

The number in the above data are said to form a rectangular array. In any such array,
lines across the page are called rows and lines down the page are called columns. Any one
number within the arrangement is called an entry or an element. Thus int he above data

there are 3rows and 5 columns and hence 3 x5 =15 elements. Ifitis enclosed by a pair of
square brackets then

is called a matrix.

Since it has 3 rows and 5 columns it is said to be a matrix of order 3 x5 or simply a

3x5 (read as '3 by 5') matrix. It may be noted that a matrix can have any number of rows
and any number of columns. Thus in the above illustration if there are entries from 12
colleges and if the competition is held in 8 languages then we can construct a 12 x 8 matrix.

Consider a system of two linear equations in the unknown, viz.,
2Xx-3y+z2=7
4x+5y-3z=5

The co-efficients of X, y, z in thefirst equation are 2, -3, 1 and those in the second are
4, 5, -3 respectively. They form the matrix (called the co-efficient matrix).

2 -3 1
4 5 -3

which is a 2 x 3 matrix.
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Remark: The reason for enclosing a rectangular array by a pair of brackets is that hereafter
we shall treat a rectangular array (and hence a matrix) as a single entity. In fact we shall
develop a new algebra which may be called 'Algebra of Matrices' where operatiosn are
performed on the whole array of numbers and not on a single number. It will be seen that
this algebra bears a close resemblance to the Algebra of Sets.

8.2 Def. of a Matrix:

A matrix is a rectangular array of numbers arranged in rows and columns enclosed by a pair
of brackets and subject to certain rules of presentation. The numbers can be substituted by symbols,
with appropriate suffixes indicating the row and column numbers. It will be possible to identify the
exact location of a number or a symbol in the whole arrangement of a matrix. We will find that
through a matrix form of presentation, the complex phenomeana with various characteristics or
relations would be presented in a very concise manner.

Sometimes a pair of brackets [ ], or a pair of double bars || || are used instead of a pair of
parentheses e.g., the matrix

2 -3 1
4 5 -3

may also be written as
2 -3 1
or
4 5 -3

A matrix is usually denoted by a capital letter and its elements by corresponding small
letters followed by two suffixes, the first one indicating the row and the second one the column in
which the element appears.

2 -3 1
4 5 -3

Notations:

For example, in the first illustration just as the colleges were numbered from 1 to 3, let the
languages be numbered from 1 to 5. Then the matrix can eb written as

31 4agzp dz3 A8zq dgg

where a;; = number of students from college no 1 who offered language No. 1 (i.e., Hindi)

=10, a;, those from College No. 1 offering language No. 2 (i.e., English) =9 and so on.

It should be noted that all the elements in the 1st row hve 1 as the first suffix, those in the 2nd
and 3rd rows have respectively 2 and 3 as the first suffix. Also all the elements in the 1st column
have 1 as the second suffix those in the 2nd, 3rd, 4th and 5th columns have respectively 2, 3, 4 and
5 as the second suffix.
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A general form of a Matrix:

A matrix of order mxn (i.e., one having m rows and n colums) can be written as

a7, & vt &y 8y
y1 8y v dp; 8y
A=
aj; ajp alj Ajn
| qm1  8mz2 0 @mj amn_mxn

where a;;, a5, -+ stand for real numbers. The above matrix can also be written in a more
concise form as:

where i=1,2, - My =12, ,n and where &;; is the element in the ;' row and

th

j™ column and is referred as (i, j)" element.

lllustration:

Read the elements a,,,a,;,a,3,a,, and the corresponding 'b' elements in the following
matrices.

3 4 5 9 2 0 1
2 0 -6 2 1 2 2
A= B =
1 3 7 8 5 7 8
3 -6 -2 -4 -1 2 6
Solution:
3 4 5 9
2 0 -6
(@ Let A=
1 3 7
3 6 -2 -4),.,

Now a,, indicates the element which appears in the second row and fourth column.

A4 =2
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(ii)

8.3
8.3.1

8.3.2

Again a,; indicates the element which appears in teh fourth row and first column.
Ay =3

Similarly a;3 =5, a,, =0-

Here B =

N NN O
o 00N B

-1 4x3

b,,4 = not possible, by =-1bjz=1and b,, = 2-

Types of Matrices:

Square Matrix: A matrix in which the number of rows is equal to the number of columns is
called a square matrix. Thus a mxn matrix will be a square matrix if m=n and it will be
referred as a square matrix of order n or n-rowed matrix. Thus are square matrices.

a1 ayp
a a a
11 12 13
ap;  ap ay; Ay as,
a a a1 8z A3 )
21 22 J2x2 a a a :
31 32 3 J3x3 | 4 a a
nl n2 "M Jnxn
Remark: In a square matrix all those elements a;; for which i=j, i.e., those which occur
in the same row and same column namely a;;,as,, - ,a,, are called the diagonal

elements. Asquare matrix has of course two diagonals. Diagonal extending from the upper
left to the lower right is more important than the other diagonal. This is known as the principal
diagonal or the main diagonal and its elements are called the diagonal elements.

[llustration:

1 2 _3 3 x 3 (square) Matrix

6 8 5

2 -1 6 Principal Diagonal is (1 8, 6)
Row and Column Matrices:  Arow matrix is defined as a matrix having a single row and
a column matrix is one having a single column, e.g.,

[ 11,215, 2y ]1X o IS @ row matrix
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8.3.3

8.3.4

L“mi Jmx1 is a column matrix

Remark: Row and Column matrices are sometimes called the row and column vectors.

The latter names are also used to designate any row or column of a m x n matrix.

Diagonal Matrix: Asquare matrix all of whose elements, except those in the leadingdiagonal

are zero is called a diagonal matrix. Thus the matrix is a diagonal matrix and may be written

as A=diag(ay; ay ann)
_all O 0 te 0 i
O a22 0 te 0
A=| 0 0 ag 0

Remarks:

1. The square matrix A will be a diagonal matrix if all elements a; for which i = j are zero.

2. Adiagonal matrix whose all the diagonal elements are equal is called a scalar matrix e.g.,

fa 0 0 - 0]
0O a O -~ O

A=(0 O 0 :diag(a,a' ......... ’a)
|10 0 0 - aj

Unit Matrix: A scalar matrix each of whose diagonal element is unity (or one) is called a
unit matrix or an identity matrix. A unit matrix of order n is written as I,. Thus

1 | are unit matrices of order 2 and 3 respectively.
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8.3.5 Zero Matrix or Null Matrix: A matrix, rectangular or square, each of whose elements are
zero is called a zero matrix or a null matrix and is denoted by 0.

0O 0 O O
0O 0 O O
0=
0O 0 O O
0 O O O ]isazeromatrix of order 4 x 4
8.3.6 Triangular Matrices: A square matrix A :(aij) is called upper triangular matrix if
nxn

a;=0 fori>j and is called lower triangular matrix if a;; =0 fori<].

Thus
a3 A2 83 4n | [a; O 0 0 |
0 ay a asn a1 8y 0 0
0 0 agy as, a3z; Az Az 0
0 0 0 an, | L 1 @2 8pg ann )

are upper and lower triangular matrices.

8.3.7 Sub Matrix: A matrix obtained by deleting some rows or columns or both of a given matrix
is called a sub matrix of a given matrix.

a1 A A3 Ay
Let A—| 221 @22 823 3ax
agp dzp Adzz Aagy
g1 Qg2 843 844 |44

If we delete the first row and first column, the sub matrix of A is

842 843 344 )53

8.3.8 Scalar Matrix: A square matrix when given in the form of a scalar multiplication to an
identity matrix is called a scalar matrix. For example

3 0 1
0 al=f0 3 0|=3/0 1 0
0 3 0
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o a9

are scalar matrices.

8.3.9 Symmetric Matrices: Asymmetric matrix is a special kind of a square matrix A = ( aij) for

which

a;; = a;; foralliandj

ie., the (i, j)th element = (], i)th element. i.e. A" =A For example the matrices.

are symmetric matrices.

8.3.10 Complex Conjugate of a Matrix: It is a matrix obtained by replacing all its elements by
their respective complex conjugates.

For example
" A:{2+3? 4}thenzz{2_3! 4}
5-3i 7 5+3i 7
8.3.11 Skew-Symmetric Matrix: Itis square matrix A if
A =-A

i.e., the transpose of a square matrix is equal to the negative of that matrix. For
example the following matrix is skew symmetric.

o ol

A=

6 0

8.4 Scalar Multiplication of a Matrix:

A real number is referred to as a scalar when it occurs in operations involving matrices. The
scalar multiple kA of a matrix A by scalar k, is a matrix obtained by multiplying every element of A by

the scalark, i.e., the scalar multiple of the matrix A = [ai j] by scalar k is the matrix X = [Ci ij .
mxn X

Where C|J=kalj,l=1,2, """"" ,m, j:1,2, """"" ,I']- ThUSif
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a7, & o gy ka;;  kag, - kayy,
a a a ka ka -« ka
Al %2 ?2 2n | then KA = ‘21 '22 '2n
m1 m2 8mn kaml I(amZ I(amn
Illustrations:
4 -3 12 -9
1 3/ 8 -2|=|24 -6
-1 0 -3 0
0 0
2 5| -1|=| -5
0 0
3 7 6 -5
3 i Ao 2 -6 O 4
5 2 8 8
-1 6 5 -3
-3 -7 -6 5 12 28 24 -20
-2 6 0 -4 8 -24 0 16
then - A = 4A =
-5 -2 -8 -8 20 8 32 32
1 -6 -5 3 -4 24 20 -12

8.5 Equality of Matrices:

Two matrices are said to equal if and only if

() They are comparable, i.e., they are of the same order if one is 3 x 2, the other one is
also 3x 2 and not 2 x 3.

(ii) Each element of one is equal to the corresponding element of the other, i.e., if

Az[aiﬂmxn and B:[bij]mxn then

A:Blﬁaij:bij v j:1121 ......... ,n
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Illustrations:

1. If

3 4 3 4
A= and B=
4 -2 4 1

then A +B (sincea,, =-2 and b,, =1)

3. If
s 4 7 3 4 7
A=[ ] -2 8 &6
2 8 6
1 2 5

A = B because first they are not comparable, matrix Abeing 2 x 3 and B being 3 x 3.
Second, the elements are not the same in respective columns and rows.

4. The following is a statement of matrix equality given the values of the components.

X+y 2z+w) (3 5
X-y z-w ) (1 4

if x=2,y=1,z=3 and w=-1.

8.6 Matrix Operations:

In matrix algebra the elements are ordered numbers and therefore operations on them have
to be done in a manner an army sergeant gives drill to the platoon. Every cadet has to maintain his
position vis-a-vis his fellow cadets. Again the main operations are addition and multiplication while
the subtraction and division is derived out of these oeprations.

8.6.1 Addition and Subtraction:

(i) Matrices can be added or subtracted if and only if they are of the same order.

(i) The sum or difference of two (mxn) matrices is another matrix (mxn) whose

elements are the sum or differences of the corresponding elements in the component
matrices.



+{B usiness Mathematics ]4'++++++++++++ ++++++++++++++++++++++++++l Matrices |++

Symbolically let A = [aij ]
m

_and B=[bj]

be two matrices of order m x n

mxn
each then their sum (difference) A +B is the matrix c = [Cij J where
mxn
) i=1.2 . «evoeennns m ) ] ] ]
Cij =& = Bij (21,2, e is the matrix each element of which is the

a7 8y ap
a a a
A | B2t ?2 2n
aml am2 amn
aj by apEhyy
a, b a-, th
ALB o 21' 21 22' 22

amlibml 8m2 ibm2

8.6.2 Properties:

Commutative:

bll b12 bln
b21 b22 b2n
b b b
ml m2 mn | mn«n
E5‘1n * b1n
aZninn
a,.xtb
mn MmN | mxn

l. If Aand B are any two matrices of order m x n each, then

A+B=B+A

Il. If A, B and C are any three comparable matrices of the same type m x n, then

(A+B)+C=A+(B+C)
Ii. Distributive with respect to scalar.
k(A+B)=kA+kB
IV. Existence of An additive Identity,

A+O=A=0+A

where O is the null matrix of the same type.

V. Existence of an Inverse: If Abe any given matrix then the matrix - A which must exist, is the

additive inverse of A.

A+(-A)=0=(-A)+A
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V. Cancellation Law: If A, B, C are matrices of the same order, then

A+C=B+C=>A=8B

0 2 3 7 6 3
Example 1: If A =[ ] and B =( j find the value of 2A + 3B.
2 1 4 1 4 5

Solution:
0O 2 3 0 4 6
2A =2 =
HE R

7 6 3] [21 18 9
3B-=3 =
{ 1 } { 3 12 15}

0 4 6 21 18 9
2A +3B = +
{4 2 8} {3 12 15}
[o+21 4+18 6+9
| 4+3 2+12 8+15

[21 22 15
|7 14 23

8.6.3 Multiplication: Earlier we considered scalar product of a matrix. To recollect if
2 0 3x2 3x0 6 O
A= then 3A = =
1 4 3x1 3x4 3 12

Now, a step ahead we take a vector product of a matrix. If

4 9
vector A=(1, 2, 3)andmatrixB=|6 3
8 0

4
then AB=(1 2 3)xB=|6 3
8

[14+26+3:8 1.9+2:3+3-0]

[4+12+24 9+6+0]

=[40 15]
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It was a pre-multiplication of a matrix by a vector. A post-multiplication in the following
form is not possible.

4 9
6 3|x(1 2 3)
8 0

The reason being where as in the earlier case the columns in the vector were 3
which were equal tot he number of rows of the matrix which were also 3. But, in the latter
situation the matrix has 2 columns but the vector had only one row. For matrix multiplication,
the number of columns in the first matrix or vector must be equal to the number of rows in
the second matrix or the vector.

The rule is to multiply the first element in the first row of the first matrix with the first
element in the first column of the second matrix, the second element in the first column of
the second matrix, the n® element in the first column of the second matrix. This further
proves the need of the number of columns in the first matrix to be equal to the number of
rows in the second matrix. Now, these products are added together to give the first element
of the first row and the first column of the product matrix. Next we multiply the elements of
first row of the first matrix with the elements of the second column fo the second matrix and
obtain the second element of the first row of the product matrix and so on.

Thus the two matrices are conformable for multiplication if the number of columns of
first matrix is equal to the number of rows of the second matrix. If the matrix A is of type
mxn i.e., has m rown and n columns, then B must be of the type nxp where n is the
number of rows which are the same as number of columns in A and p is any number not
necessarily m. Then the product AB is another matrix C = A x B of the type m x p (number
of rows of A and number of columns of B).

Let A=[a | and B=[ by, | be two matrices then the product AB is the

mxn nxp

matrix.
C= [cik :|m><p

where c;, is obtained by multiplying the corresponding entries of the i row of Aand those

of k™ column of C and then adding the results. Thus

[a a B TR i b. | ... b, |
11 12 1j In bll b12 1k 1p
821 22 85 v App byy by o byl by,
aj; aj, aij Qi % bJI bJZ bjk bJp

by b, -

_aml am2 amj amn_ I nl n2 bnk bnp_
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Ci1 Cp2 C1k C1p
Co1  C2 Cok Cop
Ci1 Ci2 Cik Cip
| Cm1 Cm2 0 Cmk Cmp_mxp

where ¢, =a; by +a;by + a3 by + -+ +ay, by

Remarks:

1.

The rule of multiplication fo two matrices is Row-Columnwise (— | wise ), i.e., row

of one matrix is multiplied with column of the second matrix to get the corresponding
elements of the product. In short first row of AB is obtained by multiplying the first row
of A with 1st, 2nd, 3rd column of B respectively. Similarly the second row of AB is
obtained by multiplying the second row A with 1st, 2nd, 3rd columns of B respectively
and so on.

The rule of multiplication (viz, — | wise) is the same for matrices of any order provided
the matrices are conformable for multiplication.

If
R, T
R,
A= R B=[C, C, C; Cp]nxp
L Rn dmxn
where R; denotes the i™ row of matrix A and can be regarded as m x n matrix.
th .
where cj denotes the | column of matrix B and can be regarded as an nxp
matrix. Then
R,C R,C -« R,C
AB = 2: 1 2: 2 : 2: P
Rmcl RmC2 e Rme

m xp
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4., In the product AB, A is said to have been post-multiplied by B and B is said to have
been premultiplied by A, i.e., AB is called the sub-multiplication of A by B or
premultiplication of B by A.

5. Matrix multiplication in general is not commutative: If AB is defined, it is not necessary
that BAis also defined, e.g., if Ais of the type m x n and B of the type nx p then ABis
defined. Even if AB and BA are both defined, it is not necessary that they are equal

e.g., ifAis mxn and Bis nxm then ABis mxm and BAis nxn so that AB = BA
because they arenot of the same order.

8.6.4 Properties:

I. Multiplication is distributive w.r.t. addition:
IfA, B,Care mxn, nxp and nxp matrices respectively, then
A(B+C)=AB +AC
II. Multiplication is associative if conformability is assured:
IfA, B,Care mxn, nxp and p x q matrices respectively, then
(AB)C=A(BC)
lll. If Aisnxm,QOis mxn then
AO=0=0A

IV. Multiplication of a Matrix by Unit Matrix:

If Ais a square matrix of order m x n and | is the unit matrix of the same order then
Al=A=1A

V. AB =0 (null matrix) does not necessarily imply that A=00orB =0 or both=0 e.g.,

A=l Y ML 0 anae=[t a0
1 1 1 1

o3 -

VI. Multiplication of Matrix by ltself:

But

The product A.Ais defind if the number of columns of A is equal tot he number of
rows of A., i.e, if Ais a swuare matrix and in that case A.Awill also be a square matrix
of the same order.
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A*A=(AA)A=A(AA) (By Associative Law)
AZA = AAA = A

Similarly A-A-A-........ n times =A"

Remark:

If | is a unit matrix, then

Example 2:

Write down the product AB of the two matrices A and B where

A=(1 2 3 4)andB-=

A W N R

Solution:

Sine Ais 1x 4 matrix, Bis 4 x1 matrix, AB will be 1x1 matrix.

=[1-1+2-2+3-3+4-4]=[30],,

A W N P

4x1

Example 3:
2 5 1 -1
A= dB= i . = ?
If [1 3] an [_3 2],fmdABand BA. Is AB=BA
Solution:

2
Here AB:[1

5]){ ( _1 —1] _ ( 2x1+5x(-3)  2x(-1) + 5x2 J

3 2 Ix1+ 3x(—3) 1><(—1) +3x2
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BA:(_l —1](2 5]:(1x2+(—1)><1 1><5+(—1)><3]

3 2 1 3 (—3)x2+2><1 (—3)><5+2><3

{4 )

Thus AB =BA

Example 4:

Obtain the product

2 1 O 1 2 4
3 2 1 |x|2 2
1 0 1 3 1 5
Solution:
2 0 1 2 4
LetA=|3 2 1 B=| 2 1 2
1 0 1 3 1 O

3x3 3x4

Since Ais 3x3 and Bis 3 x 4, product AB is valied and AB is 4 x 4.

2 1 0 1 2 3 4
AB=3 2 1 2 0 1 2
1 0 1 3 1 0 5

2+2+0 4+0+0 6+1+0 8+2+0
3+4+3 6+0+1 9+2+0 12+4+5
1+0+3 2+0+1 3+0+0 4+0+5

4 4 7 10
21

Il
o
o
w ~
=
=

Example 5:

a X
Final (a): (x,y)[(:: h](x] (b): (x 'y z)lh b fll|y
g
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Solution:

(a) (x,y)lxz{[: E]M(ijle}

ax +hy
=(x,
( y)lxz{hx+by]2Xl

=[ x(ax +hy) +y(h><+by)}1x1

=ax2 +hxy + hxy + by2 =ax2 + 2hxy+by2

h g X
0 (x v z),, b f y
g f C3><3 Z3><l
ax+hy+gz
=(x 'y Z),5| hx+by+fz

gx+fy+cz); 4

Acharya Nagarjuna University]+

=[x(ax+hy+gz) +y(hx+by +fz)+z(gx+fy+cz) ] ,

- ax? +hxy +gxz +hxy +by2 +fyz+gzx+fyz +cz?

- ax? +by2 e 2(hxy+ fyz +gzx)

Example 6:

If A= °o 1 ,B= 15 find the matrix X such that 3A +5B +2X=0
4 3 7 12

Solution:

3A+5B+2X=0 = X:—%[3A+SB]
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27 3 N 5 25
12 9 35 60

1 27+5 3+ 25
 2]l12+5 9+60

N~

—3—22 —2—28 ~16 -14
2 2

Example 7:

1 2 0 4 2 1 0 3
If A= and B=
2 4 -1 3 1 -1 2 3

(@) Finda 2 x4 matrix X such that A — X =3B
(b) Finda 2x4 matrix Y such that A +2Y =4B

Solution:
(a) A-X=3B

X=A-3B

1 2 0 4 2 1 0 3
= X= -3
[2 4 -1 3] [1 -1 2 3]

(1-6 2-3 0 4-9) (-5 -1 0 -5
\2-3 4+3 -1-6 3-9)

(b) A+2Y-=4B —>Y:ZB—%A

2 1 0 3 1{1 2 0 4
=>Y=2 - =
1 -1 2 3 22 4 -1 3
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12 4 1
(4 2 0 6 2 2 2
2 2 4 6) |2 4 13
2 2 2 2

1y o 4

|2

1 -4 298
2 2

Example 8:

When Az[l_ i]andB=(i _1]
-1 1 -1 -

and i=,/-1 determine AB. Compute also BA.

Solution:

AB:(lxi—ixl (+1)><1+(i)(—i)] _ (0 o]

ix(<i)-1x 1 (=i)(~2) + (i) 0 0

and BAz(ZI _2_j
-2  =2i

Example 9:

IS HEEHI A

prove the following relations:

A% —B?=c? - (unit matrix)

AB=-BA , AC--CA BC=-CB-
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Solution:
2 0 1 0 1 0+1 O0+0
A" =A-A= =
(1 O](l 0] (O+O 1+0]
_(1 0,
“lo 1]°
. : 2
2 0 -i 0 i 0-i 0+0
B =B-B=(_ ][ ]: 2
D ALY 0+0 -i°+0
(10,
“lo 17
Similarly ¢? =
0O 1)\(0 i O+i 0+0 i 0
AB = ) = . = .
2 )0 o)(ore Sho)le 5
0O -i)(0 1 0-i 0+0
~BA=-| = - :
[0 )3 o) (oo Tis)
_ -i 0} (i o
o i) lo i
. AB=-BA, similarly we can prove the other relations.
Example 10:

I]‘Az[al b] andlz(l 0j,showthatAZ—(a+d)A:(bc—ad)I
c d 0 1

Solution:

We have

2 a b a b
AT =AA=
c d c d

a® +bc  ab +bd B a” +bc b(a+d)
c(a+d) be +d°

ac+cd bc+ d2
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A2 (a4 _ a’ +bc b(a+d) | - a b
CA (AT [c(a+d) bc+d2} ( d){c d]
2 (g _ a’+bc  b(a+d) . —a(a+d) -b(a+d)
oA lard)a [c(a+d) bc+d2} [_C("’Hd) —d(a+d)}
_ a2+bc—a(a+d) b(a+d)-b(a+d)
c(a+d)-c(a+d) bc+d2—d(a+d)
_ bcgad bc?adj:(bc—ad)[; ] (bc —ad)
Example 11:

N B R

and (A +B)% =A% +B® findaandb.
Solution:
ALB- (1+a) O
(2+b) -2
(A+B)? = ( ) :[ (1+a)

b f
| O Y
POy (A e ]

A2, g2 :(—l 0 j+ a’+b a-1 _ a’+b-1
0 -1 ab-b b+l ab-b b
Now (A+B)? =A% +B”

0
2a+ab-b-2 4

8
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:[ (1+a)? o]:[a2+b—1 a—l]

2a—-b+ab-2 4 ab-b b

=a-1=0 or a=1 and b=4

Example 12:
Given the matrices A, B, C.

verify that (AB )C = A(BC)
Solution:

Clearly AB is defined and will be 2 x 1 matrixand hence A, , (BC) 3.3 is also defined

and will be 2x2 matrix.

1
2 3 -1 2:1+3-1-1.2
(AB) = x |1| =
3.0 2),., 3.140-1+2:2

3x1

(AB)C :(3]2“(1 ez :(ii 35:;“%2

(3 -6
7o), e ()
Again
1 11 1-(-2) 1 -2
BC=\1 (1-2),,=| 11 1:(-2) =11 -2
2)3a 2:1 2:(-2) 32 2 430
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2 1 L2
. A(BC)= B 1 -2
3 2 2x3
2 -4 3x2
(214314 (-1)-2 2-(-2)+3(-2)+(-1)(-4)
| 31+0142:2  3:(-2)+0-(-2)+2(-4) J,,
(3 -6
“\7 214 o e (D))
Thus we observe that
(AB)C=A(BC)
Example 13:
1 2 1
If A=|0 1 -1
3 -1 1
Show that A% —3A2 A +91=0
Solution:
1 2 1)1 2 1 4 3 0
A2=lo0 1 -1ll0 1 -1|=|-3 2 -2
3 -1 1J)(3 -1 1 6 4 5
4 3 0\V(1 2 1 4 11 1
A=A A=|-3 2 -—2ll0o 1 -1|=|-9 -2 -7
6 4 5 /|3 -1 1 21 11 7
4 11 1 12 9 0
Now A —3A2 —A+91=| -9 -2 -7|-|-9 6 -6
21 11 7 18 12 15
1 2 1 9 0 0
1o 1 -1]+l0 9 o0
3 -1 1 0 0 9
0 0 0
-0 0 0|=0
0 0 0
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Example 14:

A finance company has offices located in every division, every district and every taluka in a
certain state in India. Assume that there are five divisions, 30 districts and 200 talukas in the State.
Each office has 1 head clerk, 1 cashier, 1 clerk and 1 peon. A divisional office has, in addition an
office superintendent, 2 clerks, 1 typist and 1 peon. Adistrict office has, in addition, 1 clerk and 1
peon. The basic monthly salaries are as follows:

Office superintendent Rs. 500, Head clerk Rs. 200, Cashier Rs. 175, Clerks and Typist
Rs. 150 and peons Rs. 100. Using matrix notation find

(i)  The total number of posts of each kind in all the offices taken together.

(i)  The total basic monthly salary bill of each kind of office and

(i) The total basic monthly salary bill of all the offices taken together
solution:

The number of offices can be arranged as elements of a row vector, say

A =Division District Taluka
(5 30 200)

Staff composition can be arranged in 3 x 6 matrix B,

O H C T CL P
B 1 1 1 1 3 2
0O 1 1 O 2 2
0O 1 1 O 1 1

where O = Office superintendent, H = Head Clerk, C = Cashier, T = Typist, CL =
Clerk, P = Peon.

Column vector D will have the elements that correspond to basic monthly salaries.

0 [500]

H | 200

C | 175
D:

T | 150

CL| 150

P | 100 |

(i)  Total number of posts of each kind in all the offices are the elements of the matrix

. O H C T CL P
AB ,i-e,
5 235 235 5 275 270
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(i)  Total basic monthly salary bill of each kind of offices is the elements of matrix

500

200
1 1 1 1 3 2 1675

175
BD=0 1 1 0 2 150=875
0 1.1 0 1 1 625

150

100

(i) Total bill of all these offices is the element of the matrix

1675
(5 30 200)| 875 | 159,625
625

8.7 Tranpose of a Matrix:

The matrix obtained by interchanging rows and columns of the matrix Ais called the transpose
of Aand is denoted by A’ or A’ (read as Atranspose), e.g., if

3 2 3 4 7
A=|4 1 then A'=
2 1 -5
7 -5 2x3

3x2

nxm

A= (& )mxn then A’ = (a;)

i.e., the (i, j)th element of A =(j ,i)th element of A". In other words, if

) aj an a7 a8 a 1
a1 Ay ayj asn 1o 8y 8 am2
A= A = ’
aj1 aj aij ajn a; ay; ajl amj
_aml Ao amj o 8 Jinxn _aln aon . ajn Amn Inxm
Remark:
1. IfA is mxn matrix, then A’ will be a nxm matrix.

2. The transpose of a row (column) matrix is a column (row) matrix.
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3. (A) =A

4, The transpose of the sum of two matrices is the sum of their transposes, i.e.,
(A+B) = A’ +B’

5. The transpose of the product AB is equal to the product of the transposes taken

in the reverse order, i.e., (AB )’ —B'A’

Example 15:

Let A= 2 -3 1 andB:3 -2 4
4 3 1

Show that (A +B) = A’ +B'

Solution:
2+3 (=3)+(-2) 1+4 5 -5 5
A+B = =
4+1 2+3 3+(-5) 5 5 -2
5 5
~(A+B)=|-5 5 ()
5 -2
2 4 3 1
Now A'=| -3 2|andB'=| -2 3
1 3 4 -5
2+3 4+1 5 5
A +B =|(-3)+(-2) 2+3 |=|-5 5 (In
1+4 3+(-5) 5 -2

Hence (A+B) =A" +B

8.7.1 Symmetric Matrix: Asquare matrix is said to be symmetric if the transpose of a matrix is
equal to the matrix itself, e.g.,

h b f|,|4 7 5| aresymmetric matrices.
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Symbolically A = (aij ) is said to be symmetric if a;; = a;; for alliand j.
nxm

8.7.2 Skew Symmetric Matrix: A square matrix A = ( a; )n i is said to be skew matrix if

a;; =—aj foralliand]j
0 h g 0 6 8
€g., |-h 0 f -6 0 9
-g f O -8 -9 0

are skew symmetric matrices.

orthogonal matrix A'A =1 =AA’
8.8 Determinant of a Square Matrix:

Let A= [ aj; } be a square matrix. We can associate with the square matrix A a determinant

which is formed by exactly the same array of elements of the matrix A. Adeterminant formed by the
same array of elements of the matrix A. Adeterminant formed by the same array of elements of the
square matrtix Ais called the determinant of the square matrix A and is denoted by the symbol det.

Aor |A|. It should be remembered that the determinant of a square matrix will be a scalar quantity,

i.e., with a determinant we associate some value whereas a matrix is essentially an arrangement
of numbers and as such has no value.

. 6 5 6 5
For example, let a matrix A = 3 o sothat |A|= 3 o

=6x2-5x3=-3
=-3

Here | A| = -3 where as Ais a matrix giving only an arrangement of the four numbers 6, 5, 3,

2 in two rows and two columns. It should be noted that the positions occupied by the elements of
a matrix are important. Achange in the positions of the elements of a matrix gives rise to a different
matrix.

For example [2 2] and [; 2] are different matrices. Although formed by the same

elements of a number 6, 5, 3 and 2. However, the determinants of these two square matrices are

6
3

2 5
and
3 6
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and have the same value namely - 3.

We will now takeup determinants of various orders, viz, two three and higher order.

8.8.1 Determinats of Order Two: The determinant of a 2 x 2 matrix is denoted by any of the
following ways.

a b
(i) ‘ ‘:ad—cb or ad-bc
c d

a1 A2
(ii) \ = 81185, - 81 3
ax a2
ay A2
ajby - @by
by b,

It should be remembered that the numbers enclosed by straight lines do not constitue
a matrix they are the coefficients or the numbers assigned to a square matrix. We will now
illustrate its use in soluton of simultaneous equations.

8.8.2 Determinant of Order Three: Ina 3 by 3 matrix, the determinants are defined as follows:
a b ¢

a, b, cy| =2
ag by c3

b, ¢,
by c3

a, ©Cp
1
a3 Cg3

1
ag by

:al(bzc2 —b3cz)—b1(a2c3 —a3c2)+c1(a2b3—a3b2)

It may be noticed that in each case a 2 by 2 determinant has been taken by omiting
the row and column of a particular row elementin order a; ,b; and c,. Another thing to note
is the alternating signs for this row elements.

Example 17: Compute the determinant of the following matrix:
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Solution:

|A|=det( A)—Z‘ 4 2‘—3‘0
-1 5 1

0 -4
<
=2(-20+2)-30(0-2)-4(0+4)

=-36+6-16=—46

8.8.3 Sarrus Diagram: We can find out determinants ofa given marix very conveniently if we
extend the matrix by adding the first two columns and connect the elements by arrows
downwards preceded by a plus sign and upwards by a minus sign as illustrated below:

\a \\ o
The product of elements joined by download arrows preceded by plus signs are
agb,cy —bzcya; —Cc3a,by

Example 18:

Find the value of the determinants

2x 4y X X+1
x 3y X+2 x+3
Solution:
. 2x 4y
| =2X-3y - x-4y =2x
0) < Sy‘ y y =2xy
X X+1

(i) X(x+3)—(x+1)(x+2)=-2

X+2 X+3
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Example 19:

Find the value of

32 1
1 -7
3 4

Solution:

Since there is zero in the first column, we expand by the elements of the first column,

321 1 -7 2 1 2 1
4 1 -7|=3|_ '|-4 +0

3 4 3 4 1 -7
0 3 4

=3(4+21)-4(8-3)+0 =55

By sarrus diagram

4 ’.1\\'7' ,4'\1 =12+0+12-32 + 63+0
AN =55

8.9 Properties of Determinants:

If the rows of a determinant are chaged into columns and vice versa the value of the
determinant remains unchanged. i.e., det A =det A’

417 412 843 a;7 812 &3
A1 8y 8yz| =8y dyy Ap3
31 8zp Aagg az; 8zp dagg
For example
5 6 1 2 3
8 7/=1/5 8 -9
3 -9 O 6 7 0

If any two rows (or columns) are interchanged, the value of the determinant so obtained is
the negative of the value of the original determinant i.e.,
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a7 812 343 ay; 8y Az
Ap1 Axp 8pz| = |87 & i3
31 dzp Aagj az; 8zp dgg

Ii. If any two rows or any two columns of a determinant are identical the value of the determinant

is zero.
a3 a3 83
a; 5y 3| =0
agp 4z A3
IV. If the elements of a row (column) of determinant are added (subtracted) k -times the
corresponding elements of another row (column), the value of the determinant remains
unchanged.
a;; a1 a3 a;; & az+kap-mag
a1 Ay Ax| =|Ax Ay Axztkay —may
431 a3 ag3 az; Ay agz+kag —mag,
V. If the elements of a row (column) of amatrix multiplied by the same number, k say the

determinant of the matrix thus obtained is k times the determinant of the original matrix.

ka;;  app; a3 a1 812 A3
kap @y ax|=klag azp ax;
kagy @z ag agp 83 Aagg
VI, If the elements of any row or any column of a determinant is sum (difference) of two or more

elements then the determinant can be expressed as sum (difference) of two or more
determinatns.

1ty 81 843 17 3412 413 017 Q1 O3
Gp110p1 8y 8pz| =8y dpyy dpz| t |0y Opy; Opz
az1t0g; A8zp agg d3; Aazp Aagg O31 O3y Oz
Explain 20:
Prove that
1 1 1
a b c|=(a-b)(b-c)(c-a)
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Solution:
1 1 0 0
Apply C, - C
a c|=| a-b b-c PRY +1 2
2 2 2 2 .2 2 2 2 C2-Cs
a b c a -b b™-c c
1 1
=(a-b b-c
( )( ){ a+b b+c }
=(a-b) (b-c)(b+c—-a-b)
=(a-b)(b-c)(c-a)
Example 21:
Prove taht
a+b+2c a b
c b+c+2a b ~2(a+b+c)?
c a c+a+2b
Solution:
a+b+2c a b 2a+2b+2c a b
c b+c+2a b =|2a+2b+2c b+c+2a b Apply ¢; +¢C,
C a c+a+2b 2a+2b+2c a c+a+2
1 a b
=2(a+b+c)|l b+c+2a b
a c+a+2b
! a Apply R, — R
=2(a+b+c)[0 b+c+a 0 PP 2™
R; -R;
0 0 c+a+b
b+c+a 0
=2(a+b+c) rer
0 c+a+b

=2(a+b+cf
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Example 22:

0 ab ac

Evaluate a2b 0 bc

Solution:
0 ab2 ac 0 b2 c2
ab 0 bc = abc |a 0 c2
ac bc 0 a2 b2 0
1 1
abc(azbzcz) 1 0 1
1 1

—a’b°c®[-1(0-1)+1(1-0)]=2a°b%c’

8.9 Exercise:

2 0 6 8 4 -2 8 2 0
1. GivenA=|6 2 8|,B=/0 -2 0 [,C={0 2 -6
2 4 6 2 2 6 -8 4 -10
Compute the following
(i) A+B (i) A-B (i) A+ (B+C) (iv) (A+B)+C
(v) (A-B)+C (vi A-B-C (vii) 2 (A + B) (vii) 2A+2B

2. Find the matrix B if

(ONE

4 1) and A+2B=A2
2 3

3 =2 2 0 O
(ii) A= and A" +3A +B =
-1 4 0 O
3 7 -3 2 . . .
3. A= ( ) 5) and B = ( 4 _J find the matrix C if

() 2C = A+B (ii)C+A:{8 gj (i) 5C + 2B = A
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1 -1
4. If A= 1 1]showthat A% —2A and A®=4A
1 2 3
5. IfA=] 1 2 3 | compute show that A®=0
-1 -2 -3
6. For each of the following matrices verify that (A‘)t - A
|2 8 4 3 7 9 2 -7
s 6 -1 Ml7 8 5 6 o
4 -1 3
3 30 123 Verify that (A B)t A' +B' and
+ =A +
7 fa=| 6 3 9 |,B=|6 -9 ey
12 3 24 3 3 -3 (AB) =B A
3 30 0 0 1} Find AB,BA and
8. IfA=[1 2 3|,B=|1 1 0 _ ¢t
5 3 1 1 1 o | verify that(AB) =B A
9. Show that
3 -7 1 2
=74 =0
8 6 3 6
X y -4 2
=X+VY, =22
-1 +1 -3 -4
10. (a) Show that
1 2 5 6
=4
IR
(b)  Show that
b
a + d + P ‘: 0
d c a
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11.

12.

13.

14.

15.

16.

Show that

Show that

3
2
-5

Show that

—a

Show that

Show that

0o 2 3 4 8
2 5(=-48, |2 1 3 = 14
8 O 7 -2 O

4 7

1 3| =-40

-1 2

2 3

-a b :ab—3a2

0 -b
h g
b f|=abc-af’ —bg2 _ch? +2fgh
f c

2 2 2

1 2 1 a a2 1 2 3
x 2/ .,]0 1 2a|, |22 3% 4°
ox |1 ot b?| (3% 4% 52
45 55
92 32| =54
68 87

(Hint: Apply R; -2R, ,R3 - 3R, and expand)

Acharya Nagarjuna University]+

Lesson Writer
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Lesson - 9

RANK OF A MATRIX

Objective of the Lesson:

After studying this lesson, the student will be in a position to know about Rank of a Matrix,
solving of simulatancous equations by matrix inversion, Gramer's rule.

Structure:
This lesson has the following components:
9.1 Introduction
9.2 Rank of a Matrix
9.3 Echelon Form of a Matrix
9.4 Elementary Row Transformations of a Matrix
9.5 Solved Examples of Rank of a Matrix
9.6 Inverse of a Matrix

9.7 Exercise

9.1 Introduction:

Sub Martix of a Matrix: Suppose Ais any matrix of the type m x n. Then a matrix obtained
by leaving some rows and columns from A is called a sub matrix of A.

Minors of a Matrix: We know that every square matrix posses a determinant. If A be an
m x n matrix, then the determinant of every square sub-matrix of Ais called a minor of the
matrix A. For example, let

2 4 1 9 1

0 5 25 2
A =

1 9 7 3 4

3 -2 81 8

4x5

If we leave any column from A, we shall get a square sub matrix of A of order 4. Thus

2 4 1 9 4 1 9 1
0 5 25 5 2 5 2
1 9 7 3|°'| 9 7 3 4],etc. are 4 rowed minors of A.
3 -2 81 -2 8 1 8
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9.2 Rank of a Matrix:
A number r is said to be the rank of a matrix A if it posses the following two properties.
(i There is at least one square sub matrix of A of order r whose determinant is not equal to
zero.
(i) If the matrix A contains any sequare sub matrix of order r + 1, then thedeterminant of every
square submatrix of A of order r + 1 should be zero.
We shall denote the rank of a matrix A by the symbol p (A)
Note:
1. The rank of every non singular matrix of order n is n.
2. Since the rank fo every non zero matrix is > 1, the rank of null matrix is zero.
3. Therank of a matrix is <r, if there is at least one r.rowed minor of the matrix which is
not equal to zero.
Example:
100
1. Let I;=/ 0 1 O | be a unit matrix of order 3. We have |A|=1 .. A is a non singular
0 01
matrix. Hene the rank A= 3. In particular the rank of a unit matrix of order nis n.
0 0O
2. Let A=| 0 0 0| beanull matarix. . therankA=0.
0 0O
1 2 3
3 A=|3 4 5|,|A|=2(24-25)-2(18-20)+3(15-16)=0
4 5 6
The rank of A is lessthan 3, now there is at least one minor of A of order 2, namely
1 2 —
—4-6=2=+0. Hencetherank A= 2.
3 4
9.3 Echelon Form of a Matrix:

A matrix A is said to be in Echelon form if

(i) Every row of A which has all its entries '0' occures below every row which has a non
zero entry.
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(i) The first non zero entry in each non zero row is equal to 1.

(i) The number of zero's before the first non-zero element in a row is lessthan the number
of such zeros in the rest row.

Important Result:

The rank of a matrix in Echelon Form is equal to the number of non zero rows of the matrix.

Example:

Find the rank of the matrix.

012 3
A=/0 0 1 -1
000 O

The matrix A has one zero row. We see that it occurs below every non zero row.

Further the number of zero's before the first non zero element in the first row is one. The

number of zeros before the first non zero element in the third row is three.

9.4

(i)

(ii)

(i)

-. The given matrix is in Echelon Form.
Rank A = The number of non zero rows of A ine Echelor Form =2

Elementary Row Transformations of a Matrix:

An elementary transformation is an operation of any one of the following types:
. . .th th .
The interchange of any two rows. The interchange of i" and I rows will be denoted by
R; & R;.
The multiplication of the elements of any row by any non-zero number. i.e. the multiplication

of the i™ row by a non zero number k will be denoted by R, - k R;

The addition to the elements of any other row the corresponding elements of any other row

th
multiplied by any number. i.e., The addition of k times the Jt row to the i" row will be
denoted by R, - R; +k R;-

Similarly, Elementary column transformation are defined.

Statements of Important Theorems:

1.
2.

The rank of the transpose of a matrix is the same as that of the original matrix.

Elementary row transformation donot change the rank of a matrix.
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9.5 Solved Examples of Rank of a Matrix:

Example:
2 -1 3 4 2 -1 -3 -1
. 0 3 4 1 ~|/1 2 3 -1
0] A= (ii)
2 3 7 5 1 0 1 1
2 5 11 6 0 1 1 1

By elementary row transformations

-1
3
4
6

o TN N NV
N PR A

O O O N

oo onwN
I

O M bW
O r KL A

12 16

12 12 byR, 4R, ,R; > 3R,

O O o N
o W~ b

O O oN

0
0O 0 O

Acharya Nagarjuna University]+

Which is in Echelon Form. The number of non zero rows inthis matrix is 3.

Therefore Rank A = 3.

Let us denote the given matrix by A

1 2 3 -1
A _2_1_3_1bR<—>R
1 0 1 1|Y™ 2

0 1 1 -1
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(1 2 3 -1
0 3 3 -3
001 1 -1
(1 2 3 -1]
011 -1 1 1
~ by R, > =R, , Ry > -=R
011 -1 Y2732 "3 2 3
01 1 -1]
(1 2 3 -1
0 1 1 -1 R 5R.-R,.R,5R, R
0 00 O]

Which is in Echelon Form. The number of non zero rows is 2.
Rank A= 2.
9.6 Inverse of a Matrix:

9.6.1 Minors and Cofactors of the Elements of a Determinant:

The minor of an element &;; of adeterminant Ais denoted by M;; and is the determinant

obtained form A by deleting the row and the column where a;; occurs.

The cofactor of an element a;; with minor M;; is denoted by C;; and is defined as

M;;, ifi+jis even
C. =
1 —Mij, if i + jis odd
Thus cofactors are signed minors.

a ao

, we have
a1 A

In the case of

Myg =85, My =8y, My =a;,, My =ag
Also Cjj=ay,, Cjp=-ay, Cy=-a5,, Cyp=ay
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a7 a2 a3
Inthe case of {321 322 a23|: we have
d31 az 4as3

a a a a
My :‘azz a23 Gy - a22 azs
32 Ag3 32 A33
a a a a
My, = a21 a23 Cppm - a21 azs
31 Aa3 31 Ag3
a a a a
Myq = a21 azz Cpy - a21 azz
31 @3 31 @z
a;, a a;, a
A ags |ae g
Mar =17 4 » Coa1=-|_ " _ | andsoon.
32 Ag3 32 as3

9.6.2 Adjoint of a Square Matrix:

The transpose of the matrix got by replacing all the elements of a square matrix A by

their corresponding cofactors in | A| is called the Adjoint of A or Adjugate of Aand is denoted
by Adj A.

Thus,  Adj A=Al

Note:
. a b d -c
i Let A= th A, =
0 teac[§g)wen ac(§ )
-~ Adj A=Al =[a _bj
c a
- - - a b
Thus the Adjoint of a 2 x 2 matrix c d
. . d -b
can be written instantly as [ ]
—C a
(i) Adj I =1, where | is the unit matrix.

(i)  A(AdjA)=(Adj A)A=|A|l
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(iv) Adj(AB)=(AdjB)(AdjA)
(v)  IfAisasquare matrix of order 2, then |Adj A|=|A|
If Ais a square matrix of order 3, then |Adj A| =|A|2

Example 1:

Write the adjoint of the matrix A = [i —2]

3
Solution:
3 2
Adj A =
-4 1
Example 2:
01 2
Find the Adjoint of the matrix A=| 1 2 3
311
Solution:
01 2
A=|1 2 3|, AdjA=A,
311
Now,
2 3 1 3 1 2

o |12 0 2|_, 01 _ .
-1 8 -5
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Hence

18 -\ (-1 1 -1
AdjA=| 1 -6 3 |=|8 -6 2
1 2 -1 5 3 -1

9.6.3 Inverse of a Non Singular Matrix:

Note:

The inverse of a non singular matrix A is the matrix B such that AB=BA =1 . Bis

then called the inverse of A and dentoed by Al

(i)
(ii)

(i)

(iv)

v)

(Vi)

(Vi)

(viii)

(ix)
)

(xi)

A non square matrix has no inverse.
The inverse of a square matrix A exists only when |A| =0 thatis, if Ais a singular

matrix then A‘l does not exist.

If B is the inverse of Athen A is the inverse of B. Thatis B=A > = A=B*

AA - 1=atA

The inverse of a matrix, if it exists is unique. That is, no matrix can have more than
one ivnerse.

The order of the matrix A_1 will be the same as that of A.

1

(AB)_1 =B A_l, provided the inverses exist.

AZ = implies A™ = A

If AB =C then

(@ a-cB™? (b) B = Atc provided the inverses exist.
We have seen that

A(AdjA)=(AdjA)A=|A|I

1
[Al

(AsjA)=|i(Ade)A=I (|A[=0)

. A
Al
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This suggests that

-1 1 .
A =—(AdJA)
|Al

Thatis A1 = 1 At
|A] €

(xii) (Afl)_l _ A provided the inverse exists

b .
LetA:[a ]WIth|A|:ad—bc¢0
c d
NOWAC:[O| ‘C],A;:[d _bj
-b a -C a
Al 1 d -b
ad-bc | -c a

a
Thus the inverse of a 2 x 2 matrix [C

b
dj can be written

instantly as 1 f(d b provided ad —bc =0
ad-bc | -c a
Example 3:
. . 5 3).. .
Find the inverse of A = ( 4 2] if it exists.

Solution:

|A|=‘5 2‘:—2;&0 - AL exists
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Example 4:

Show that the inverses of the following do not exist:

3 1 -2
() A{f _69] iy A=]2 73
6 2 -4
Solution:
0) |A|= 2 01y - A1 does not exist
3 -9
3 1 -2
(i) |Al=]2 7 3|=0 -, A"t does not exist
6 2 -4
Example 5:
2 3 4
Find the inverseof A=| 3 2 1 |, ifitexists.
11 -2
Solution:
2 3 4
|A|=[3 2 1|=15%0 . A "exists
11 -2
-1 1 .t
We have, A " =— A,
[A
Now, the cofactors are
2 1 1 3 2
C11—1 _2 5.Cpp = _2 7’013—1 1:1'
3 4 2 4 2 3
Co1= ‘ _2‘—10’(322:‘ _2‘ -Czs——‘l 1‘ =
C 3 4 5¢C 2 4 10,C 2 31 5
31~ 2 1 ! 32— 1 ! 33 2 2 -
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Hence
-5 7 1 -5 10 -5 1 -5 10 -5
A =|10 -8 1 |, A = 7 -8 10 .-.A’lzE 7 -8 10
-5 10 -5 1 1 -5 1 1 -5
Example 6:
1 5 1
3 _ 3 17 17 17
Showthat A=| 2 1 -1| and B= 8 6 9 | areinverse of each other.
4 3 2 17 17 17
0 1 7
17 17 17
Solution:
1 5 1
3 _o 3 187 167 1;
AB: 2 1 —1 ﬁ E —E
4 -3 2 E _i _l
17 17 17
3 -2 3 1 5 1 17 0 O
=21—1i86—9=i0170
17 17
4 -3 2 10 -1 -7 0O 0 17
1 00
=10 1 0 |=I
0 01
Since A and B are square matrices and AB =1, Aand B are inverse of each other.
9.7 EXxercise:
. . . (-1 3
1) Find the Adjoint of the matrix -
2 0 1
2) Find the Adjointof the matrix | 5 1 0
0 1 3
-4 -3 -3
3) Show that the Adjoint of the matrix A=| 1 0 1 |isAitself.

4 4 3
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1 1 1
4) IfA=]1 2 -3 |, verifythat A(Adj A)A=|A]l
2 -1 3

5) Given A:[S 1],52(_1 Oj
4 2 2 1

verify that Adj( AB)=(AdjB)(AdjA)

6) In the second order matrix A= (aij ) given that a;; =i+] write out the matrix A and verify that
|Adj A| =|A].
1 -1 1
7)  GivenA=|2 1 1 |verifythat|adjA|=|A?
3 1 1

8) Write the inverse of A = ( 2 ;]

-3
10 2
9) Findthe inverseof A={ 3 1 1
2 1 2
1 0 a
10) Findtheinverseof A=| 0 1 b andverifythatAA‘1:|
001
(5 3 14 4
11) Findthe RankoftheMatrix A=|0 1 2 1
1 -1 2 0
11 1 1
12) Findthe Rank ofthe Matrix A=| 1 3 -2 1
2 0 -3 2
4 5 2 2
13) Find the Rank of the Matrix A=|3 2 1 6
4 4 8 0

Lesson Writer
B. Rami Reddy



Lesson - 10 VECTORS

10.1 Objective of the lesson:

After studying thislesson, you should be able to understand -
- Difference between vectors and scalars
- Addition of vectorsand their properties and its applicationsin solving problems

- Linearly independent and dependent vectors.

10.2 Sructure:
Thislesson hasthefollowing components:
10.3 Introduction
10.4 Different kinds of vectors
10.5 Addition of vectors
10.6 Multiplication of a vector by a scalar
10.7 Linearly independent and dependent system of vectors
10.8 The unit vectorsi, j , k.
10.9 Solved examples
10.10 Answers to SAQ
10.11 Summary
10.12 Technical Terms
10.13 Exercise
10.14 Answers to Exercise
10.15 Model Questions
10.16 References

10.3 Introduction:

In mathematicswe generally deal with two kinds of physical quantities. Thosewhich are specified
by asinglereal number called the magnitude, in otherwords those which masure quantities but not related to
any direction in space. Such quantities are called scalars.

The examples of scalars are mass, length, density, volume etc...

The other types of physical qunatities are those which have got magnitute as well as a definite
direction in space. Such quantities are called vector quantities or simply vectors. the examples of vectors
arevelocity, acceleration, fource, displacement etc...



+{Centre for Distence Education}+++++ +++++++] Acharya Nagarjuna University ]+

10.3.1

10.3.2

10.3.3

10.4
10.4.1

10.4.2

10.4.3

Representation of vectors:  We shall represent vectors by directed line segments. Let O be
any arbitrary fixed point in the space and p be any other point. Then the straight line OP has
magnitude aswell asdirection. Thereforethe directed line segment OPis capabl e of representing

avector quantity. We denote this vector by OP and read it as vector OP.
P

O
The length OP represents the magnitude of the vector OP. The point 'O’ is called the origin
or theinitial point of the vector OP whilePiscalled theterminal point.
Notation of Vectors:  Vectors are generally represented by clarendon letters (leeters in bold
faced type) and their magnitudes by the corresponding italic letters. Thuswe may denote op by

aand its magnitude by a. However it is more convenient to represent vectorsby a , b, c,d etc
and their magnitudes by a, b, ¢, d etc...

Modulusof aVector: Thenon - negative number which isthe magnitude of avector iscalledits
modulus. Thusthe length of the line segment OPis called the modulusof OP. The modulus aof

avector g issome times written as |5|

Different Kinds of Vectors:

Null Vector or ZeroVector: If the origin and terminal points of a vector coincideit is said to
beazero or null vector. Evidently itslengthiszero anditsdirectionisindeterminate. A null vector
is denoted by the bold faced type 0. All zero vectors are equal and they can be expressed as

AA , BB eic.

Unit Vector: A vector whose modulus is unity is called a unit vector. If there be any vector a
whosemodulusisa, thenthe corresponding unit vector inthat directionisdenoted by 3 which has
itsparallel supports.

. . a
a=aaora=-—
a
Reciprocal Vector: A vector whose direction is the same as that of a given vector a but whose
magnitudeisthereciprocal of the magnitude of thegiven vector, itiscalled thereciprocal of aand

. . -1
Iswrittenas a

. . - 1. a
Thusif a=aéa, then a 1.2 a=—
a "
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10.4.4

10.4.5

10.4.6

10.4.7

10.4.8

10.4.9

10.5

Equal Vectors: Two vectorsare said to be equal if they have (i) the samelength (magnitude),
(ii) thesamesenseand (iii) thesameor parallel supports. Theequality issymbolically denoted
by a = b. Thusequal vectors may be represented by parallel lines of equal length drawn in the
same sense or direction irrespective of the origin.

Coallinear Vectors. Any number of vectors are said to be collinear when they are paralld to the
same line what ever their magnitudes may be.

NegativeVector: The vector which hasthe same modules asthe vector 3 but oppositedirection,
iscalled the negative of 7.

The negative of @ isrepresented by - a. Thusif AB = a then BA = —a.
Co-Initial Vectors: The vectors which have the sameinitial point are called co-initial vectors.

Eg: Thevectors a, b, ¢ areco-initial vectors.
C

T B

o|

(o} T A

Coplanar Vectors: The vectors which are paralel to the same plane or which lie in the same
plane are said to be coplanar.

Localised and Free Vectors: A vector which is drown parallel to a gien vector through a
specified point in space is called alocalised vector. There can be one and only one such vector.
But if the origin of vectorsis not specified, thevectos are said to be free vectors.

Addition of Vectors:

Let a and b be any two given vectors. If three points O, A,B are taken such that

OA =a,AB=Db. Thenthevector OB (= say ¢) is called the vector sum or resultent of the given

vectors @ and b and wewrite OB=OA + AB Of c=a +b.

B
%0

ol

O
ol
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It should be noted that the terminal point of vector a istheinitial point of vector b and theresultent
vector ¢ isthejoin of theinitial point of a andtheterminal point of b.
The above law of addition isknown asthetriangle law of addition.

Properties of Vector Addition:

10.5.1 Theorem: Vector addiiton is commutative. i.e. a +b = b + a, where a and b areany
two vectors.

Proof: Let a and b betwo vectors represented by OA and AB.

Then by definition of addition of two vectors, we have

OB —OA + AB — 84 B evreerrenerernenin,

Compute the parallelogram OABC

We have by definition of equality of two vectors,

OC=AB=b ad CB=O0A-=a
Now, by definition of addition of two vectors, we have

OB =0OC +CB =D +8 -cveeeereees (2)

from (1) and (2) we have

a+b=Db+a

10.5.2 Theorem: Vector addiiton isassociative

e, (5+ b) +c = 5+(b+6)
where a , b, ¢ by any three vectors

Proof: Let OA =a, AB =b and BC = ¢
Compute the quadrilateral OABC
By definition of addition of two vectors
OC = O0A + AC

But by definition of addition of two vectors, we have

C=AB +BC =Db+c

(o8]

. OC =0OA + AC
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Note:

10.5.3

Pr oof:

10.5.4

Pr oof:

10.5.5

OA +(ﬂ3+ﬁ3)

5+(b+C) .............. (1)

Again we have by definition of addition of two vectors

C=0B+8B
But OB=0OA + AB=a+ b
O_C:(a+5)+6 ............... (2)

from (1) and (2) wehave a+ (b+c) =(a+b) + ¢

From the above property we notice that the sum of three vectors a , b and cis independent of

the order in which they are added. Hence this sum can be written as a + b + ¢ without any
doulbt.

Theorem: For every vector a, a +0 = a where g is the zero vector.

Let OA =a , AA =0

We have by definition of addition of two vectors

+AA =a+0

>
0
>

0

(O
Il
I
+

Theorem: To every vector a, there corresponds the vector - a suchthat a + (— 5) =0 where

0 isthe zero vector.

Let OA =a, then AD = - a

We have by definition of addition of two vectors

OA +AO =00
~a+(-a)=0

Subtraction of Vectors: If a, b beany two vectors, then wewrite a + (— b) = a — b and
call the operation subtraction.
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10.6 Multiplication of a vector by a scalar:

Let mbeascaar and a beavector, thenm a isdefined as avector whose modulusin | m | times

the modul us of the vector a or opposite to the vector a according as mis positive or negative.
10.6.1 Remark: Fromtheabovedefinition, itisobviousthat two non- zerovectors a and b arecollinear
iff there exists anon zero scalar msuchthat a = mb.

10.6.2 Remark: If adenotesthe modulusof anon - zero vector 5, thentheunit vector 3 inthedirection

o ) a
of gisgivenby & = o a=—
a

10.6.3 Remark:

(i) The scalar multiple of avector satisfies associative law, i.e.,
m(na)=(mn)a=n(ma)
(i) Thescalar multipleof avector satisfiesthedistribution laws:

ie. (m+n)a=m a+na

m(a+b) =ma+mb

wherem, n arescaarsand a and b are vectors.

10.6.4 Linear Combination: A vector r is said to be a linear combination of the vectors
a_l ; 8_2, ----------- , a, if there exist scalars X, , X, , Xg yooeeeeeees » X, such that
r = Xl a1 + X2 az + ......... + Xn an

10.7 Linearly Independent and Dependent System of Vectors:

Ag/stemofvectorsa_1 , a_z, ----------- , &, Issaidtobelinearly dependent if there exist asystem
of scalars X; , X, , Xg yoooeeeeeee , X, hot all zero such that
Xlal+x2a2+ .......... +Xnan:0

A system of vectors which is not linearly dependent is said to be linearly independent. Thus a

system of vectors 1@y e ,a, issaid to be linearly indepenedent if every relation of the form.

X1a1+X2a2+ .......... +Xnan :O:xlzolxzzo,....,xnzo.
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10.7.1 Theorem: If a, b aretwo non - zero non - collinear vectorsand x, y are scalars such that

xa+yb=0 Then x=0, y=0.
Proof: Itisgiventhat xa + yb = 0----oovvveee (D

Suppose x =0 then (1) can bewritten as

P A (2)

Since % isascalar, therefore (2) impliesthat the vectors a and b arecollinear. Thisisa
countrary to the hypothesis. Hence x = 0.
Similarly it can be shown that y = 0.

Resolution of a vector in terms of coplanar vectors.
10.7.2 Theorem: If a, b betwo given non - collinear vectors, then every vector, ; coplanar with

a and p can be uniqualy represented as alinear combination x a + yB; X y being scalars.

Proof: Let OA =a, OB =b and OP = r. ThelinesOA, OB, OPare coplanar. Through the point
P draw lines parallel to OB and OA meeting OA and OB at C and D respectively.

B

O

We have P=0OC + CP

o

S|
O

OC +

But OC and OD arecollinear with OA and OB respectively.

There fore we can find suitable scalars x and y such that
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OC=x0OA =xa,0D=yOB=yb
OP=xa+yb
r=xa+yb

Uniqueness: If possiblelet 1 = x; a+ y, b
Thenwehave xa+yb=x, a+y,b
:>(X_X1)5+(y_yl)5=0 ........... (1
Since a and b arenon - collinear vectors. Thirefore from (1)
X-x,=0, y-y; =0
= X=X, , Y=Y

10.7.3 Theorem: |If a, b,c are non coplanar vectors and x, y, z are scalars such that

xa+yb+zc=0 when x=y=2z=0.
Proof: Giventhat x a + yb +ZC = 0 «+eeeeeeereeeee (1)

Suppose x # 0 . Thenfrom (1)

az Yb_Zocu. (2)
X X
Since ¥ ,E are scalars, therfore (2) implies that the vector ais coplanar with the vectors
X X

b and c. Thisiscontrary to the hypothesis. Hencex =0. Similalry y=0 and z=0.
“X=y=z=0

10.7.4 Theorem: If a, b,c arethreenon - coplanar vectorsand r is any vector. Then there exist

unique scalarsx, y, zsuchthat r =x a + yb + zc.

Proof: Giventhat a, b, ¢ arethree non - coplanar vectors. Let 0 be any point in space.
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\C
C
T 5
U P
T_.-
K
@) S R T >5
V
_ Q
A a

With OPasdiagonal, constract aparallel opiped whose three coterminous edges OV, OR and
OT areadong OA, OB and OC respectively.

Since OV , OR, OT are collinear with OA, OB and O C respectively. Therefore we
can find scalars x, y, zsuchthat OV =x OA , OR=y OB and OT =z OC

or OV=xa, OR =yband OT = zc

Now, OP=0Q +QP = (OV + VQ) + QP

S
Q
9
py)
9
U
9
4

OV + OR + OT (

Py

Uniqueness. If possiblelet 1 = x,a+y,b+z ¢
Thenwehave xa + yb+zc = x;a+y, b+z ¢
=(x-x)a+(y-y;)b+(z-2)c =0
Since a, b, ¢ areon coplanar, we should have
X-%=0,y=y;,=0 and z-2z, =0
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Note: In the relation r=x a + y b+ zc, we cal the vector r as the resultent of three vectrs

x a,y b, zc which are called the components of the vector r .

10.8 TheUnit Vectorsi, j, k. (Orthonormal System of Unit Vectors):

Let us consider three mutually perpendicular straight lines OX, OY and OZ in theright handed
rotaion. By right handed rotation we mean that if one rotates from OX to QY, then OZ liesin the direction
inwhich aright handed screw will move. These three mutually perpendicular lines can determine uniquely
the position of apoint. Hence these lines can be taken as the coordinate axes, with 0 asorigin. The planes
XQY, YOZ and ZOX are called coordinate planes.

L et us now consider a vector r. Through the point 0, draw avector OP equal to the vector r.

z
C D
E P
r
SO 5 Y
AL -
. F
X
With OPasdiagonal, construct arectangular parallel opiped whose three conterminous edges OA,
OB, OC are adong OX, QY, OZ respectively. Leti, j, k denote the unit vectors along OX, OY, OZ

respectively.
LeteOA=x, OB=y, and OC=2z

Then we have OA = xi,OB=yj and OC = zk -

Now we have OP = OF + FP

OA +

>
T
+

T
T
Il

@)
>
+

©)
v 9]
+

@)
O

ie, r=xi+yj+zk-

Here x, y, z are called the coordinates of the point P referred to the axes OX, OY and OZ.
Alsoxi, yj, zk arecaled rsolved parts of the vector r inthedirections of i, j, k respectively.

If o, B,y betheangleswhich O P makeswiththecoordinate axesOX, QY and OZ respectively,
then cos a, cos 3, cosy arecaledthedirection cosines(d. c.'s) of theline OP. These are usually denoted

by ¢, m,n -
If OP=r clearly

X=rcoso=/~r,y=rcoSB=mr,Z=rcoSy=nr ... 2
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(@ gvesr=/ri+mrj+nrk

A

“P=—=/li+mj +nk ... 3

= | =

Thusthe direction cosines of vector r arethe coefficientsof i, j, k intherectangular resolution
of theunit vector .

Also OP” = OF® + FP°
o OP°=0A% + AF? + FP? =0A% + 0B? + OC?

; 2 2 2 2
e r" =x"+y +2z

|2

e ||r :x2+y2+22 .................. (4)

Thus the square of the module of the vector r is the sum of the squares of the coefficientsof i, j,
k when r isexpressed intermsof i, j and k.

Alsofrom r2 = x2 + y2 + 22, on dividing both sides by r2 we get

X2 y2 Zz ) ) )
1:_2+—2+—2:£ +Mm +n
r r r

which shows that the sum of the squares of direction cosinesis equal to unity.
Againif =X +Yyj+zK 1, =X,0+Y,)+ Z,K;
ry =Xzl +Y3]+23K etc.

then D i P S L

:(an)i+(2yn)j+(zzn)k ............... (5)
where (XX, )i istheresolved part of X, alongi.

10.8.1 Important Note: If r isanyvector, then r can beuniquely represented as alinear combination

of the vectors i, j, k. Thusthere exist three unique scalarsx, y and zsuch that r = xi + y j + zk.
Instead of writing r = xi + yj + zk, we often find it convenient to writer r (x, y, z). Thusin

this notation if aisthe vector (3, -4, 7) thenwehave a=3i — 4j + 7k-
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10.8.2

10.8.

10.8.4

10.8.5

Position Vector: If the vector QP represents the position of the point Pin space relative to the

point 0, then OP iscalled the position vector of Preferred to 0 asorigin.

If we say that A isthe point r, then we mean that the position vector of A isr with respect to
somegiven origin 0.

Important: To express avector in terms of the position vectors of its and points.

Let 0 betheorigin and let aand b be the position vectors of the pointsA and B with respect to
Oasorigin.

A b;a g

Then OA =a, OB=b

We have OA + AB = OB

Thus AB = Position vector of B - posotion vector of A.

Similarly, BA = Position Vector of A - Position Vector of B.

Note: If the coordinatesof point Pare (X, Y, z) referredto OX, QY, OZ asrectangular coordinate
axes, then the position vector of the point P with respect to O asoriginis xi + yj+ zk. Some
times by saying the point Pas (X, y, z) we mean the point whose position vector is xi + yj + zk.
Thus according to this notation if B is the point (- 3, 4, 8) then the position vector of B is
-3i+4j +8k.

To find the position vector of a point which divides the joint of two given points whose position
vectorsareaand bingivenratiom: n.

Let a, b bethe position vectors of two given pointsA and B referredto O asorigin.

Let r bethe position vector of the point Pwhich dividesAB internally intheratiom: n,

. AP m
i.e., —_— =
PB n
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. nAP =mPB

Hence n AP =mPB

But AP=r—-aand PB=b-r
~n(r-a) =m(b-r)
~nr—na=mb-mr

o~ (m+n)r=mb+na

mb + na

m+n

Inparticular if m = n, then Pisthe middle point of AB and its position vector is a+ b.

10.8.6 Callinearity of three points: The necessary and sufficient condition for three points with
position vectorsa, b, ¢ tobecollinear isthat thereexist threescalarsx, y, znot al zero, suchthat

xa+yb+zc 0, where x+y+2z=0.
The condition issufficient. Let X, y, z bethree scalars, not all zero, such that
xa+yb+zc=0,x+y +z=0
Let z=0, then x+y=—2z=0-

We have xa+yb +zc=0

_xa+yb _ .
-z
b
o Xxaty
X+Yy

Thus cisthe position vector of the point dividing thejoin of aand bintheratioy : x.
- Thepointsa, b, ¢ are collinear.

The condition is necessary. Let the three points be collinear. Suppose c dividesthejoin of a
andbintheratiom:n.

na+ mb
Then c=—
n+m
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10.8.7

10.8.8
10.9
10.9.1

Sol:

10.9.2

Sol:

s (n+m)c=na+mb
~na+m-(n+m)c=0
If weteke n=x,m=y,-(n+m)=2z-
Weget xa+yb +zc=0,

where x +y +z=n+m-(n+m) =0
Hence the condition is hecessary.

SA.Q.. What is the modulus of the vector 3i — 2j+ 6k ? Also write a unit vector in the
direction of thisvector.

S.A.Q.: Findthevalueor vauesof k for which k (i +j + k) isaunit vector.
Solved Examples:

Example: If a, b are the vectors determined by two adjacent sides of aregular hexagon, what
are the vectors determined by the other sides taken in order?

OABCDE is aregular hexagon.

. . C
Let OA =aand AB=Db D
Join OB and OC
Wehave OB =OA +AB = a+b E B
Since OC isparallel to AB and double of AB, 5
OC =2AB =2b
o 4 A

Also EO=-BC=-(b-a)=a-b-

Example: If a, b arethe position vectors of A, B respectively, find that of a point C in AB
produced such that AC = 3AB; and that of apoint D in BA produced such that BD = 2 BA.

Let aand b be the position vectors of A and B D A B C

with repect to O as origin.
WM A6

O
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10.9.3

Sol:

10.9.4

Sol:

Since AC=3AB.

.~ AC =3AB=3(b-a)

Now OC = OA +AC
=a+3(b-a)=3b-2a

Again BA =OA - OB=a-b

Since BD =2BA

- BD =2BA =2(a-b)

Now OD =OB +BD = b+2 (a-b) =2a-b

Example: Show that DA + CD =CB - AB

We have DA + CD - DA + (- DC) [-- CD = - DC]

Also CB -AB =-BC—-(-BA) =—BC +BA =BA -BC

ZCA o (2)

From (1) and (2) weseethat DA + CD =CB - AB

Example: a, b, ¢, d arethe vectorsforming the consecutive sides of aquadrilateral. Show that
anecessary and sufficient condition that the figure be aparalelogramisthat a+ ¢ = 0 and that
thisimpliesb+d = 0.

ABCD isaquadrilateral. D ¢ C

AB+BC=AC=a+b

o d
Also AC+CD =AD b
sa+b+c=-d
< B
a+b+c+dzo ............. (1) A a

Now if ABCD is paralelogram, then AB And DC are parallel and equal.

S.AB=-CD - ... a=-c ora+c=0-
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Hence the condition is hecessary. Also with the help of (1), Weget inthiscaseb+d= 0.

Sufficient. Since a+c =0, .. a =-c¢C

. AB =-CD

~AB=DC. ThusABAnd DC are parallel and equal.

When a+c = 0. Wehavefrom(1) b+d=0.

~b=-d- ..BC=-DA .. BC=AD

. BC and AD are parallel and equal.
Hence ABCD is a parallelogram.

10.9.5 Example: The position vectors of the four pointsA, B,C andD are a, b, 2a+ 3b,a-2b
respectively.

Expressthe vectors AC ,DB, BC and CA intermsof aand b.
Sol: We have

A C = position vector of C - position vector of A
=(2a+3b)-a=a+3b

DB = position vector of B - position vector of D
-b-(a-2b)=3b-a

BC = position vector of C - position vector of B
=(2a+ 3b) -b =2a+2b

and CA = position vector of A - position vector of C

=a-(2a+3b)=-a-3b=-(a+3b)

10.9.6 Example: D, E, Farethemiddlepointsof thesidesBC, CA, AB respectively of atriangle ABC.
Show that

(i) FEisparald toBCand half of itslength.
(i) Thesum of the vectors AD , BE , CF is zero.

(i) The medians have acommon point of trisection.
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Let a b, ¢ bethe position vectors of A, B and C with respect to any point as origin.

Sol:
b+c

(i) Positionvector of Dis

Position vector of Eis % and

a+b

Position vector of Fis

A (a)

(b)B D C (9

BC = position vector of C - position vector of B = ¢ - b,

FE = Position vector of E - position vector of F

_c+a_a+b_c—b
2 2 2

- FE % BC. HenceFE isparalel to BC and half of itslength.

(i) AD = position vector of D - position vector of A

_b+c
- — C+a — a+b
Similarly BE = 5 —b and CF= —

~AD +BE + éﬁ:(b” —aj+(c+a—bj +(a+b—cj
2 2 2

_b+c—2a+c+a—2b+a+b—20_0
= 5 -
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(i) Theposition vector of the point G dividingAD intheratio 2: 1 is

1( Position Vector of A) + 2(Position Vector of D)
1+2

b+c
a+2( j a+b+c
- 2 ) _8a*rbh+e (1)
1+2 3

The symmetry of theresult in (1) showsthat G also liesin the other two medians BE and CG
at their point of trisection. Hence the medians are concurrent and the point of concurrency G
divideseach medianintheratio2: 1.

10.9.7 Example: Prove by vector methods that the diagonals of a parallelogram bisect each other;
conversely, if thediagonalsofaquadrilateral bisect each other it isaparallelogram.

Sal: Let ABCD be a paralelogram. Reffered to 0 as
the origin of vectorslet a, b, ¢, d bethe position

D C

vectors of A, B, C, D respectively.
Since ABCD isaparallelogram.
AB and DC are parallel and equal. N

. AB=DC M A

..OB -0OA =0C -0OD

.. b-a=c-d 0
s b+d=a+c

The position vector of themiddle point of ACis % whilethe position vector of themiddle

point of BD is b+d

These two points coincide by virtue of (1). HEnce the diagonals of a parallelogram bisect
each other.

Converse. AC and BD have the same point as their mid-point.

.atc _b+d ~a+c=b+d ~b-a=c-d
2 2

.. AB =DC . AB and DC are parallel and equal.
Similarly AD and BC are parallel and equal. HEnce ABCD is a parallelogram.
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10.9.8 Example: ABCD isaparallelogram and Pthe point of intersection of itsdiagonals. Show that for
any origin 0 (not necessarly in the plane of hte figure) the sum of the position vectors of the
verticesisequal to fourtimesthat of P

Sol: Refer fig of Ex. 7. The diagonals of a parallelogram bisect each other. Therefore Pisthe middle
point of AC and BD both.
OA +OC =20P -+ cveererenenns (1)
and OB+OD =20P - ceveeeenee- (2)

Adding (1) and (2) we get,
(ﬁ +ﬁ)) +(O—B +ﬁ)) = 40P
OA +0OB +OC+0OD=40P
10.9.9 Example: If the position vectorsof PandQare 2i + 3j — 7k and 4i — 3] + 4k respectively,

find PQ and determineitsdirection cosines.
Sal: We have PQ = position vector of Q - Position vector of P
=4i -3j+4k —(2i + 3] - 7k) =2i - 6j +11k

Modulusof PQ = V{ (2)? +(-6)* + (11)2} = (4+36+121)

=+ (161)

2i — 6j + 11k

- Unit vector in the direction of PQ = 166D

2 .6 ..oom
“JaeD ' N@eD ' V(e

2 -6 11
V(161) ' V(161) ' V(161)

. Direction cosinesof PQ are

10.9.10 Example: Findthefumof thevectors 4i + 2j + 3K, i = 7j - 2k, 5i + 4j - 2k and 2i + j + k -
Also calculate the modul e and direction cosines of each.

Sol: The sum of the given vectors

=(4i+2j+3k)+(i—7j—-2k) + (51 + 4] - 2k) +(2i + j+ k)
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=12i + 0] + Ok =12i

Modulus of vector 4i + 2 + 3k
V(47 + (2 + (7] =V(26+4+9)=(29)

4i + 2j+ 3k
V(29)

Unit vector in the direction of thisvector =

= 4 i+ 2 j + 3 k-
~V(29) d(29)J V(29)

- Direction cosines of this vector are

4 2 3
~V(29)" V(29) V(29)

Similarly unit vector inthe direction of thevector i — 7j — 2k

i-7j -2k _ i-7j-2k

:\/(12+72+22) V(1+49 + 4)

112
“UGa) G ()

- Direction cosines of this vector are

1 -7 -2
V(54) " \(54) "N (54)

Dimilstly for other vectors.

10.9.11 Example If a=2i+j—-k,b=i-j,c=5i —j+ k find the unit vector parallel to a+ b—-c
but inthe oppositedirection.

Solution: Wehave a+b-c=-2i +)-2k
~la+b-c| :\/{(—2)2 +(0? +(—2)2} =V(9) =3

a+b-c

- Theunit vector inthedirectionof a+b-¢c =———
|a+b-c|



+{B usiness Mathematics ]4»++++++++++++ 10.21 ++++++++++++++++++++++«ol VECTORS |++

(= 2i + j - 2Kk)

1
3
- Theunit vector parallel to a+ b — ¢ butinthe opposite direction
1 1
=—-—— (-2l +]-2k)==(2i -]+ 2k
3 j-2k)=3(2i - j+2K)

10.9.12 Example:  If the vertices of atriangle are the points x,i +y, j+ 2k, X,i +y,j+z,k and

X4l + Y3] + Z3K what are the vectors determined by its sides? Find the lengths of these vectors.

Solution: Let ABC be a triangle whose vertices A, B, C are the points X0 +y )+ 2k,
X, +Yof + 2,k and Xgi +y,j +Z5K respectively. Thusthe position vectorsof A, B and C

are Xji +y,j+ 2K, Xyl +Y,j+2z,k and Xl +y,j + z5k respectively.

We have AB = position vector of B - position vector of A

= (Xzi +Y, )+ sz) - (Xli +y,i+ Zlk)

= (X2 =xg)i +(Y2=¥1)i + (2, -7 ) k-
Length of AB = modulusof AB

= \/{ (%2 = %) + (Y2 = ¥0)" + (25 - Z1)2}

Similarly BC = position vector of C - position vector of B

=(x3=%z)1 + (Y3 =Yo)I +(23-2;) K
Length of BC = \/{ (X3=%)" + (Y3~ ¥2)" + (25 ‘22)2}
Finally CA = position vector of A - position vector of C

=(%,=Xg) 1 +(Y1~Y3)i (7~ Z5)k

Lengthof CA = x/{ (%~ x3)2 +(yy - y3)2 +(z, - 23)2}
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10.9.13 Example: If the position vectorsof P, Q, R, Sbe

2i + 4k, 5i + 3V(3)j + 4k, —2V(3)j + k, 2i + k prove that RS is parallel to PQ and is two
third of PQ.
Sol: Let O bethe origin of vectors. Then we have

OP = 2i + 4k, OQ =5i + 3V3j + 4k, OR =-2V3j+k, 0S=2i + k
Now RS=0S-OR = 2i +k —(-2V3j+ k) = 2i + 2V3]
PQ = OQ - OP =5i + 3V3j + 4k —(2i + 4k) = 3i + 33j
. 2
~RS=Z P
3 PQ

- PQ and RS arecollinear.

— 2 —
Also modulusof RS= 3 modulusof PQ

PQ

wliN

Hence PQis parallel to RSand RS=

10.9.14 Example:
Theposition vectorsof four pointsP, Q, R, Sarea, b, 2a + 3b, 2a — 3b respectively. Express

the vectors PR , RS and PQ in terms of aand b.

Sol: Let O betheorigin

..OP=a,0Q=b,0OR =2a+3b,0S=2a-3b
Now PR=OR-OP =2a+3b-a=a+3b
RS=0S -OR =2a-3b -2a -3b =-6b
and PQ=0Q -OP=b-a

10.9.15 Example: Show that thepoints a— 2b + 3¢, 2a+ 3b—4c and —7b +10c arecollinear.

Solution: Let the given points be denoted by A, B and C. Let '0' be the origin reference, then

AB =OB-OA=2a+3b-4c-a+2b-3c=a+5b-7c

AC=0C-0A = -7b + 10c-a+2b-3c
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=—a-5b +7cC
=—(a+5b-7c)
. AB=-AC

Thusthevectors AB and AC areeither parallel or collinear.

Further because these vectors are coterminus, hence the pointsA, B, C are collinear.

10.9.16 Example:

Show that the points —6a + 3b + 2c, 3a — 2b + 4c, 5a + 7b+3c,-13a+17b-c
are coplanar a, b, ¢ being three coplanar vectors.

Sal: Let the given pointsbe A, B, Cand D.

Let O bethe origin of reference, then
OA =-6a +3b+2c, OB =3a-2b+4c
OC =5a+7b+ 3c,0D = -13a +17b-c¢
Then AB =OB - OA = 3a — 2b +4c+6a—-3b-2c
=9a-5b+ 2c

AC=0C -OA =5a+7b+3c+6a-3b-2c
=11a +4b +c
AD =0OD -OA = -13a+17b-c+6a-3b-2c
=-7a+14b - 3c
Let usfirst prove that the vectors AB, AC, AD are linearly connected.
Let /- AB+mAC - AD, then
([9a-5b+2c] + m[lla+4b+c] = —7a+14b-3c

= (9¢+ 11lm)a+[-5/+4m]b+(2/ +m)c=-7a+14b-3c

90 +11m = -7
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-5/ +4m =14
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2/ +m=-3

Sovling (1) and (2), weget /= -2, m=1-
Thesevaluesof '/ and'm' satisfy the equation (3) also. Hence vectos AB , AC , AD are
coplanar.

Because these vectors are coterminus, Hence the four pointsA, B, C and D are coplanar.

10.10 Answersto S.A.Q:
10.10.1 Answer to SA.Q. of 10.8.7

Let a=3i-2j+6k. Then

|£1|=\/32+(—2)2+62 - J49 =7.

The unit vector inthe direction of 5 isequal to ﬁ
a
_3i-2j+6k
7

10.10.2 Answer to SA.Q. of 10.8.8
Let a=k (i +j+k)
Since a isaunit vector .. |5| =1

= |k(i+j+k)|=1

:>i\lk2+k2+k2 =1
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10.10.3 Answer to SA.Q. of 10.9.16

Let 2i—j+k=x(i—3j—5k) +y(3i—4j - 4k)
Then

2i—j+k =(x+3y)i+(-3x—-4y)j+(-5x -4y)k

X 43 =2 e, @)
— 38X -4 =—1-veeun-.. (2)
_5X_4y=1 ............ (3)

from (1) and (2) weget x = -1,y = 1.
These values of x and y satisfy the equation (3)
Hence the given vectors are collinear.

10.11 Summary:

In thsi lesson we discussed, scalars vectors, addition of vectors, properties of vector addition
collinear vectors, coplanar vectors and related problems.

10.12 Technical Terms:
Scalars
Vectors
Modulus of aVector
Unit Vector
Receprocal Vector
Collinear Vectors
Co-initial Vectors
Coplanar Vectors

Localised and Free Vectors
10.13 Exercise:

1) Definetheterms scalars and vectors giving one example of each.

. . . .27 .
2)  Show that the vectors 4i — 6] + 9k and —6i + 9] —7k are collinear.
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3

4)

5)

6)

8)

9)

10)

Find the vectors AB and BA if A and B are the point (2, 3m-5) and (-4, 6, 7)
respectively.

Prove by vector method that the diagonals of a parallelogram bisect each other.

If the position vectors of two points A and B are 2a+ b —c and — a + 2c respectively,
then find the position vector of the middle point of AB.

If a=3i—j—4k,b=—-2i +4j-3k and ¢ = i + 2j - k, find a unit vector parale to
3a-2b+4c.
If ABCD isaparalelogram and L, M arethemid pointsof BC and CD respectively, Show

matﬂ+m:§A—c

Show that thepoints A(1,1,1) , B(1, 2, 3), C(2, -11) areverticesof anisoseelestriangle.

If P is apoitn and ABCD isaquadrilateral, and AP+ PB PD = PC, show that ABCD
isaparallelogram.

Show that the points a — 2b + 3¢ , 2a+3b—4c , -7 b +10 ¢ arecollinear.

10.14 Answersto Exercise:

10.15

10.16

3 AB=(-6 312), BA =(6,-3 -12)

1,- - =
5 Z(a+b+c)

2
6 = (17i - 3j - 10k)

|/ 398

Model Questions:
1) If a=2i+j-k b=i-], ¢=5i-]j+k findtheunitvector paralel to a + b—¢ -
2)  Show that the points a — 2b + 3c , 2a+ 3b - 4c and — 7b + 10c are collinear.
References:
1) D.C. Sancheti, V.K. Kapoor, "Business Mathematics".

Sultan Chand and Sons, New - Delhi - 110002.
2) A.R. Vasistha, "Vector Algebra', Krishna- Prakasan Mandir, Meerut.
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Lesson - 11

Product of Two Vectors

11.1 Objective of the lesson:

After studying thislesson, you should be able to understand -

-

-

%

Scalar product or dot product of two vectors and their geometrical interpretations.
Vector product or cross product of two vectors and their geiometrical inter pretation.

Application of scalar and vector product of vectors and study its properties.

11.2 Sructure:

Thislesson hasthefollowing components:

11.3
11.4
11.5
11.6
11.7
11.8
11.9
11.10
11.11
11.12
11.13
11.14
11.15
11.16
11.17

Introduction

The scalar or dot product of two vectors
Properties of scalar or dot products

Solved examples of scalar product of vectors
Vector product or cross product

Properties of vector product

Geometrical interpretation of vector product
Solved exaples of cross product'

Answersto SA.Q.

Summary

Technical Terms

Exercise

Answers to exercise

Model questions

References

11.3 Introduction:

Inthislesson weshall discussthe operations of multiplication of avector by another vector. These
operationsare called products of vectors. Therearetwo distinct kinds of products oftwo vectors. Onebeing
apure number iscalled the scalar product whilethe other being avector quantity iscalled the scalar product
whilethe other being avector quantity iscalled the vector product. Each of these productsisjointly proportional

to the moduli of two vectors;, and each followsthe distributive law.
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11.4 The Scalar or Dot Product of Two Vectors:

11.4.1 Definition: The scalar product of two vectors a and b whose moduli are aand b respectively,
is defined as the real number

ab=|a| |b| coso
where ¢ isthe angle between the two vectors when drawn from a common origin.

In thisthe angle g isrestricted to theinterval 0< 6 < x. It makes no difference whether

wechoose 9 or - 9 since cos6 = cos(-0).

The scalar product of two vectors'a' and'b'iswrittenas a-b =(a, b) - Thefirstisread

as a dot b. Itisonaccount of this notation that scalar product is sometimes called dot product.
Thus a- b = ab cos©. Thisproduct will be positive, negative or zero according asthe angle o
islessthab n/2, greater than n/2 or right angle.

11.4.2 Physical Illustration of scalar product: An example of scalar product is the work done by a
force during a displacement of the particle acted upon.

B

(
0 v 7 A

Suppose OA = a represents aforce in magnitude and idrection acting upon a particle at 0.

Suppose OB = b representsthe displacement of the particlefrom 0to B. Draw BM perpendicular
to OA. Then the displacement of the particlein the direction of the force.

=0OM =0OB cos0, where ZBOA =0

=b cos 0

. Work done by the force ain moving its point of applicationfrom0to B=ab cos0=a- b
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11.4.3 Geometrical Interpretation of Dot Product: The scalar product of two vector is the product
of the modulus of either vector and the scalar component ofthe other in its direction.

0

Let OA=aad OB=b ad ZBOA=90.
Then a-b =ab cos 6, where |a| = a and | b|=b =a[0Bcos6]=a[0L]=|a| x
projectionof b inthedirectionof a.
The quantity b cos ¢ is called the scalar component of b along a.
Similaly a-b =b[0A cos6] =b[OM]
=|b| x projection of a ainthedirection of b.
The quantity a cos ¢ is called the scalar component of a along b.

Remember: If'a'and'b' aretwo vectorsand a = 0, then the projection of b on the direction

ol

- a-
of a =

a|
11.5 Properties of Scalar or Dot Products:
11.5.1 The Scaar Product of Two Vectors is Commutative, i.e.,

-b=b-a

I

where '3' and 'p' are any two vectors.

11.5.2 It can easily be shown that
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11.5.3

11.5.4

11.5.5

11.5.6

11.5.7

11.5.8

a-(-b) =~ (a-b); (-a)-(-b) =a-b

for every pair of vectors a , b.

If m isany scllar and 'a’ and 'b’ areany vectors, then (ma)-b=m(a-b)=a-(mb)

If two vectors 'a’ and 'D' have the same direction, then 6=0, i.e, cosO=1and

-b=|al |b| coso=ab -

Q|

If two vectors 'a’ and ‘b’ have opposite directions then 6=n, cosn= -1 and

-b=|al |b| cost=-ab -

Q|

Angle between two vectorsint erms of scalar product.

Let g be the angle between two non - zero vectors ‘a’ and 'b’, then a-b=|a| |b| cos 6.

‘b —1(5-5]
— or 0 = cos —_—
|a|[b] |a|[b]

In particular if each of the vectors 'a’ and 'b' isaunit vector, then a-b =cos . Thus
the scalar product of two unit vectorsis equal to the cosine of the angle between their directions.

|

;. COSO =

Y

Condition for perpendicularity of two vectors:

Theorem: If 'a' and 'b' are perpendicular vectors, then

a-b=0

Conversely if a- b =0, then at least one of the following must betrue: a=0, b=0, 'a’

and 'b' are perpendicular to each other.

Hence the necessary and sufficient condition that two non - zero vectors should be
perpendicular isthat their scalar product should be zero.

Length of a vector asa scalar product: If 'a’ be any vector, then the scalar product

a-a=|a| |a| cos 6 =|a|’ =a?

or |5| =+ \/(5-5) i.e. thelength |5| of any vector 'a’ isthe non negative square root of the

scalar product a - a
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Note: Asaconvention a - a Wwill bedenoted by Thusthe square of avector will be equal
to the square of itsmodulus. In particular, the square of aunit vector will be equal to unity.

11.5.9 Orthonomral Vector Triads i, j, k:

We havethefollowing important results:
ii=i =1,j.j=] =1:k-k=k =1 [+ i,],K areunit vectors]

i-j=j-i=0;]j-k=k-j=0; k-i=i-k=0 [ i,],k aremutualy perpendicular]
11.5.10 Sincethe scalar product isamere number, thereforeit may occur asthe numerical coefficient of
avector. Thus (a-b) c isavector, obtained onmultiplying c by thenumber a-b. Similarly the

combination (a- b) (c-d) of four vectorsismerely the product of twonumbers a-b and c-d.
11.5.11 Distributive Law:
Toprovethat a-(b+c) =a-b + a-c e
to rpove that the dot product of two vectorsis distributive with respect to vector addition.

11.5.12 Somesimpleidentitiesbased on distributivelaw.

2 2

0 (a+b)-(a-b)=a -b

Wehave (a+b)-(a-b)=a-a+b-a-b-

Q
ol

2 2

() (at+b)°=a +2a-b+b

We have (a+b)” = (a+b) - (
- —\2 _2 - _ _2
(i) (a-b)" =a -2a-b+b

Wehave (a-b)" = (a- b)-(a-b)



+{Centre for Distence Education}+++++ +++++++] Acharya Nagarjuna University ]+

‘b-b-a+Db-b

I
|
|
|

2 2
~a-b-a-b+b-b=a -2a-b+b

Il
I
QI

11.5.13 Scalar Product of two vectorsin terms of their rectangular components.
Let a=aji +a,j+ak and b=bi+b,j+bgk
Then a-b = (ali +a,)+ a3E) -(blf +byj + b3E)

2
=abji +abyi-j+abyi-k+abj-i+ - (By Distributive Law)

Thusthe scalar product of two vectorsisequal to the sum of the products of their corresponding
rectangular components.

Inparticular a> = (ali_+ a,j+ aSE) : (ali_ +a,] + aSE)

2 2 2
=a, +a,+a;-
Thus the square of 'a vector is equal to sum of the squares of its rectangular components.

Imp: We know that the square of avector is equal to the square of its module. Thereforeif 'a
be the modul e of the vector

2
- - < = 2 — 2 2 2
a=qi+aj+tazk ,wehavea” =a =a; +a, +a,
s a= +\/(a12 +a§+a§)
11.5.14 To find the distance between the points A (&, , &,, a;) and B (b , b,, bg).
Let O betheorigin of reference. Then OA = ali n aZ] n aSE and 6I§=bli + bZ] n bSE-
We have AB = OB — OA =(b1i+ byj+ b3E) —(aii_+a2j_+ aJ)

=(by—ay) i+ (b, ~ay)j+(by-25)k
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2 2

Now AB? =(AB)” = (b, - a)? + (b, - a,)? + (bg — ay)

2 2 2
. AB =Y| (b= ay)* + (b, ~ay)7 + (by —ag)?)
11.5.15 Tofind the direction cosines of the vector
r=xi+yj+zk Where|F|=r

Suppose the vector r makesangles o, B, v with OX, OY and OZ respectively, where i
j and k are unit vectors along OX, OY and OZ respectively.

NOWF:xi_+y]+zE ........... (1)

Multiplying (1) scalarly withthevectors i, j , k successively

We get
rei=x(i-i)+y(j-i)+z(k-i)=x
rj=x(i-))+y(i-)+zk-j)=y
ad Tok=x (i K)+y(jk)+z(k-K)=2
Now r-i=r(1) coso =r cosa
. T COSO = X Or COS o = X/r
Againr-j=r(1) cosp=r cosp
. rcosp=y or cosp=y/r
Also r.k=r(1) cosy=rcosy
. 1 COSYy=2 Or cosy = z/r
But r=|F|:\/(x2+y2+zz)

- If I, m, n be the direction cosines of the vector r, we have
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X
/=cosa = , M= CcosP = y

\/(x2 +y2+22)

\/(x2+y2 +22)

z

n=COSy=\/(X2+y2+22)-

Moreover unit vector inthedirectionof r = r

- VIR g mienk
\/(x +y +z)

= | =1

Note: The quantitieswhich are proportional to direction cosines are called direction rations.

11.5.16 Tofindtheangle between two vectorsintermsof the rectangular components ofthe given vectors.
Let OA=a=aji+a,]+a5K
and OB=b=bhi+b,j+Dbsk
Let |5| —a and |5| — b andlet @ be the angle between the two vectors a and b.

We have a-b=ab cos0

oI
ol

;. CosS0O =

(on

a
Now a-b = (ali_+ a,j+ asi) : (bli_ +byj+ b3E)

=a)b; +ab, +a5b,

ad b B = (b7 + b2+ b2)

ab, +a,b, +ajb,
\/(alz +a§ +a§)\/(b12 + bg + bg)

. €cos0O=
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+ .

\/(a12+a§ +a§) \/(b12+b§+b§)

= (40, +mm, + nyn, where (¢,, M, ny) and (£,, m,, n,) arethedirection cosines of
the lines along the vectors a and b.
11.5.17 Tofind anexplicit expression of r asalinear combination of the orthonormal traid of vectors |, j
and k.

Any vector r can be expressed uniquely as linear combination of any three non - coplanar
vectors. Therefore

Let |_f=xi_+y]+zE ............... 1

Multiplying (1) scalarly withthevectorsii , j, k successively,

We get F-i:xi_-i_+y]-i_+zE-i_=x,

r-j=xi-j+yj-j+zk-j=y,

and r-k=xi-k+yj-k+zk-k=z
Putting the values of x, y and zin (1), weget
r=(r-i)i+(r-j)j +(r-k)k whichistherequired expression.
11.6 Solved Examples of Scalar Product of Vectors:

11.6.1 Example: Show that the vectors 2i —3j + 5k , — 2i + 2j + 2k are perpendicular to each
other.

Sol:  Wehave (2i —3j +5k )- (-2i+2j+2k)=-4-6+10=0

Moreover |2i—3]+5E| =V(4+9+25) =V38 and |—27 +2j+ 2E| = V12

Thus the dot product of the given vectorsis zero and neither of the vectorsis a zero vector.
Hence the two vectors are perpendicular.
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11.6.2 Example: Provethat thepoints 2i — j + k, i —3j —5k and 3i — 4] — 4k aretheverticesof a
right angled triangle. Also find the remaining angles of thetriangle.

Sol: Let the given pointsbe A, B, C respectively. We have
AB =(i-3j-5k) —(2i—j+k)=—i-2j-6k;
BC=(3i-4j-4k)-(i-3j-5k)=2i—j+k
and CA =(2i —j+k)—(3i —4j - 4k) =—i +3j +5k
Now BC - CA =(2i - j+k)-(-i +3j+5k) =—2-3+5=0
Thus BC is perpendicular to CA. Hence ZC isaright angle.
Now in order to find the angle B, wehave BC =2i — j+ k and BA =—AB =i + 2] + 6k
So BC-BA =|BC| |BA| cosB
BC-BA (2_i—]+E)-(i_+2j_+6E)

-.cosB = —— T
BC| [BA| [2i—j+k||i+2]j+6k|

2-2+6 6
V(4+1+1)V(1+4+36) V6141

- B=cos \/(Ej
41

AC-AB (i -3j-5k)-(-i-2j-6k)
[AcI[AB] |73 5k| | i 2j K|

Similarly cos A =

-1+6+30
V(1+9+25) V(1+ 4+ 36)

(3
35441 4

- 35
- A=cos * \/(—j
41
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11.6.3 Example: Show that thevectors a=3i — 2j + k, b=i —3j+ 5k, c=2i + j — 4k fromaright
angledtriangle.

Sol:  Wehave b+c=(i —3j+5k) +(2i +]-4k) C
=3i-2j+k=a b
Thusif BC=b and CA =c and BA =a,

then BA =BC + CA i-e- a=b+c¢C

Hence a, b, ¢ formthe sides of atriangle.
Also a-c=(3i — 2j+k) -(2i +j—4k) =6-2-4=0
Showingthat BA and CA are perpendicular to each otheri.e. A ABC isright angled at A.
11.6.4 Example: If a=i+2j-3k and b=3i—j+2k
() Showthat a + b and a — b areorthogonal,
(i) Calculatetheanglebetween 2a +b and a + 2b
Sol: () Wehave a+b=4i+j—k and a—b =-2i+3j-5k
Now (a+b)-(a-b) =(4i+]j-k)-(-2i +3j-5k)
=4(-2) +1(3)-1(-5) =-8+3+5=0
- thevectors a + b and a — b areorthogonal.
(i) Wehave 2a+b=2(i+2j-3k) +(3i - j+2k) = (2i + 4] - 6k)
+(3i—j+2k) =5i +3j—4k and a+2b= (i +2j-3k) +2(3i - j + 2k)
= (i+2j-3k) +(6i —2j+4k) =7i + k

Let ¢ be the angle between the vectors 2a + b and a+ 2b. Then
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cos (22D) (3+25) _ (513} -4K)- (71 +K)
20 [a+2b  [5i +3]-4k[[7i +K

5(7) +3(0) - 4(1) _ 3¥-4 3
W52 +3% 4+ (—4)2). V(7% + 0% +22) V50 VEO 50

0 =cos © (31/50)

11.6.5 Provethat inaright angled triangle the square of the hypoienuseisequal to the sum of the squares
of the other two sides.

Sol: Let ABCbeart. angledtriangle. Since AB and AC are perpendicular,

N2 e 2
~.(BC)” =(AC -AB)
[Since the sguare of avector isequal to the square of its modulg].

. (8¢)? =(Ac) +(AB)® -2AC - AB
. BC? = AC? + AB? - 2(0) [From (1)]

. BC? =AC? + AB?
-, Square of the hypotenuse BC = sum of the sguares of the other two sidesAC and AB.

11.6.6 Example: Provethat the mid point of the hypotenuse of aright angled triangleis equidistant from
its vertices.

Sal: ABCisatriangle, right angled at A. D isthe middle point of the hypotenuse BC. We have
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C
But AB and AC are perpendicular to each other D
~AB-AC=0
Hence (AD + DB) - (AD -DB) = 0
A B
2 =2 2 2 - 2
.. (AD)" -(DB) =0 .. AD“-DB” =0 ~.AD° = DB

11.6.7 Example: Thenecessary and sufficient conditionthat twonon- null vectors 8 = (&, i + a, j + a;k)

a a4

o e N R
and b= (byi + b,j + bk} are parallel is b, b, b,

The necessary and sufficient condition that these two vectors are erpendicular is
b, +a,b, +azb, = 0.

Sol: We know that the necessary and sufficient condition that two non - null vectors a and b are
parallel isthat there should exist ascalar t such that

a=tb
e ai+a,j+agk = t(bli +b,] b3k)
Thisequationisconsistent if and only if
a =tb ,a, =th, ,a;=th;-

a 8 8

or -
b, b,

by

For the second part, we know that the necessary and sufficient condition that two non - null
vectors 'a and 'b' are perpendicular isthat a-b = 0

ie. (ali +a2j+a3k) . (bli +b2j+b3k) =0

ie a1b1 +a2b2 + a3b3= 0
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11.6.8

Sol:

11.6.9

Sol:

11.6.10

11.6.11

Sol:

Acharya Nagarjuna University]+

Example:

If a bareunitvectorsand ¢ isthe angle between them show that

a-b

N -

. 0
sn—=
2

We have (a - b)” = (a)? + (b)° - 2(a- b)

=1+1-2(1) (1) cos6=2(1-cos0) =4sin2%

Now square of avector isequal to square of its module.

a2
la->b

=4sin29 or
2

sing 1
or 273
Example: Show that if [a+ b| =|a—b|then a and b are perpendicular.
We have |a + b| =|a-b|
22
|a+b| =|a—b|
But the square of avector is equal to the sguare of its module.
. (a+b)’ =(a-b)

2 2 2 2

O a3 +b +2a-b=a +b —-2a-bord4a-b=0ora-b=0

Hence a and b are perpendicular.

Example: Prove that perpendiculars from the vertices of a triangle of the opposite sides are

concurrent.

Example: A, B, C, D arethepointsi —k, —i + 2j, 2i — 3k, 3i — 2j — k respectively. Show
that the projection of AB on CD is equa to that of CD on AB. Also find the cosine of their

inclinations.

AB =(-i+2j)-(i—k) =-2i +2j+k
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L | ABl =V (4+4+1)
and CD = (3i —2j-k)—(2i —-3k) =i-2j+2k
. |cBl =v(@a+4+4)=3
Now AB - CD = (-2i +2j+Kk) - (i —2j + 2k)
=—2-4+2=-4

But AB - CD = |CD| (projection of AB on CD)

-, Projectionof AB on CD = ABTCD _ -4
|CD| 3
Similarly projection of CD on AB:AB'TCD _ -4
| AB| 3

Hence projection of AB on CD = projection of CD on AB.
Alsoif g bethe angle between AB and CD, we have

AB -CD =|AB| |CD| cos6

AB-CD -4 -4

. C0SO0 = —————— = =—
|AB| |cD| 3x3 9

11.6.12 Example: Provethat the anglein asemi - circleisaright angle.
Sol: Let O be the centre of the semi circle and AB be the diameter.

Let P be any point on the circumference of the semi - circle.

Let OA =a. Then OB = —a

Now op=0A - OP°=0A%? . OP?=0A

Product of ...]++
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11.6.13

Sol:

s(r=a)-(r+a)=0--eeee @

Now AP=OP-OA =r—-a

3
o
w
&
I
O
&
|
O
w
I

r-(-a)=r+a

From (1) weget AP -BP = 0. Hence AP and BP are mutually perpendicular.
Therefore Z/APB =1/2.
Example:
Find the angle between the vectors

() a=i+2j+2k ,b=i-2j+ 2k

() a=2i+j+k, b=-2i+2j+2k

(i) p=ai+bj+ck , qg=a,i+h,j+c,k.

and find the condition that they are perpendicular to each other.

() a-b=(i+2j+2k)-(i-2j+ 2k)

=D @+ @2(-2) +(2)(2)

—1-4+4=1
a=1*+ 2°+2% b=\/12 +(-2)%+2° =3
a=3
5o =22 1 oo 1(_)
|a| |b|

() a-b=2(-2)+1-2+1.2=0
cosf =0 = ng

i.e. vectors a and b are perpendicular to each other.
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(i) p-q=aa, +bb, +cc,

[2 2 2 [2 2 2
p=4ya, +b +C , g=4/a, +b, +C,
p-q aa, +byb, + Gy

P [ o ) [ ei el

cos0 =

T
Theconditionthat 6 = 2 provides a,a, + b;b, + c,c, =0

11.6.14 Example: Show that the vectors 2i — j+ k, i —3j— 5k and 3i — 4j — 4k from the sides of a
right angled triangle. Also find the remaining angles of thetriangle.

Sol: Let ussupposethat a =2i — j+ k,b =i — 3j - 5k

and c = 3i - 4j - 4k

C
Let a and b represent the vectors
BA and CB respectively. y /b
Then CA = CB +BA
pd
(i -3j-5K) +(2i | +k) A 2 B

+a, b and c formthesidesof triangle
Again a-b =(2i - j+k) - (i - 3j-5k)
=(2) () +(-1) (-3) + (D (-5)
=2+3-5
=0

~ aand b i.e, BA and CB are perpendicular to each other.

a-c

Also cos A =

3] e|
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(20— j+k) - (3i-4j-4k)

_\/22+12+12 \/32+42+42

_ @@ +(-1) (-4 +@W(-4) _6+4-4

o Jsm

(i —3j —5k) - (3i — 4] — 4K)

\/12+32+52 ~\/32+42+42

_ (D (3 +(-3)(-4) +(-5)(-4)
V35 Ja

35
41

-1 |35
or C=cCos —
41

11.6.15 Example:
Given three vectors a , b, ¢ such that
7a= 2i +3j+ 6k
7b=3i - 6]+ 2k

7¢c = 6i + 2] - 3k

Showthat a, b , ¢ areeach of unit length and are mutually perpendicular.

Sol: We are given the vectors
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5=27-%7.2%
7 7 7
- 6+ 2- 33—
C=—i+=j—=
7 7 7

2 2 2
Magnitudeof5=|5|=\/[§j +($) J{g) _ /j_: 1
2 2 2
- |z 3 -6 2 /49
Magnitude of b =| b| :\/(7) +(—7J + (7) = E:1
. —~ = 62 (2 (-3 (49
Magnitude of C=|C|= ) ) o) T Ezl

-.a,b, c aealof maginitudeequal to 1, i.e., they areunit vectors.

Now to prove that they are mutually perpendiuclar

Let ustake their dot products

3 5=(27 254 3%) (37254 2k
7 7 7 7

23 36 26_6-18+12
7.7 7-7 7.7 49

~N N

= vectors a and b are perpendicular.

5.3 :(ET_ETJ?) .(Ehé T—§?j
7 7 7 7 7 7

36 62 23 18-12-6_,
7 7-7 7-7 49

— vectors b and ¢ are perpendicular.
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- —- 26 3-2 3-6 12+6-18
7.7 77 17 49

0

Hencevector a , b and ¢ are mutually perpendicular.

11.7 Vector Product or Cross Product:

The vector (or cross) product of two vectors a and b written as a x b isavector ¢, where

@) Modulus | c| =|a| |b| sin & where ¢ isthe angle between vectors a, b and 0< 6 <180°-
o
. B C
Al
n.
O 7 A
(i) The support of the vector ¢ is perpendicular to that of a aswell asof .

(iii) The sense of the vector ¢ issuchthat a, b , ¢ is a right handed system.

Thus the vector product of two vectors 'a’ and 'b' whose directions areinclined at an angle o
isdefinedas a x b = ab sin6 A
Where a=|5| , b=|t_)| and N isaunit vector perpendicular toboth'y' and 'y and the sense

of i issuchthat a , b A fromaright - handed triad of vectors.

Also the modulus ab sin© of a x b isthe areaof parallelogram whose adjacent sides are 3
and b.
11.8 Properties of Vector Product:

11.8.1 Thevector product is not commutative. In fact

axk_)z—(bxa)

Thisfollowsfron the fact that the magnit vole and support of b x a are the same asthose of

ax b but the sense are different.
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11.8.2

11.8.3

11.8.4

11.8.5

11.8.6

—5><B=—(a><b), a x

—

~-b) = - (axb)
(-a) x(-b)=a xb
Generdlyma x nb =mn(axb)=axmnb

Wherem and n are any scalars, positive or negative.

The vector product of two parallel or equal vectors is the zero vector, for thiscase 6= 0 or

180° sothat sin =0 andassuch ax b = 0.
From hereit alsofollowsthat a x a = 0

Conversely, If ax b =0, ab sin@ A =0 theneithera =0 or b=0or sn®=0i.e,
either of thevectorsisazero or null vector and in case neither of the vectorsisazero vector, then
sin 6 being zero showsthat they are parallel.

A

In case the vectors are perpendicular i.e., g = 900 then sin@=1sothat ax b = ab - A

Thusthe cross product of two perepndicular vectorsisavector whose modulusisequal tothe

product of the modulus of the given vectors and whose directionissuchthat a , b and f froma
right handed system of mutually perpendicular vectors.

Vector product of unit vector i, j, k.

Wehave ixi=jxj=kxk=0

ix j=k=—jxi
jxk=i=-kxj
kxi=j=-ixk

To express the vector product as determinant.

Let aand b bethetwo vectors. Let usexpressthemintermsof orthonormal unit vector i, j, K i.e.,
a=aj+a,j+ak andb=bji+b,j+bxk
ax b= (aj +a,j +agk) x (bj +b,j +bk)
={aby (ix]) +ab, (ix]j)+aby (ixk)}

+{ayb; (jxi)+ab, (jx])+ayby (jxk)}



+{Centre for Distence Education}+++++ 11.22 [+++++++] Acharya Nagarjuna University]+

+{a3b1 (kxi)+aghy (K x j)+aghy ( kxk)}

axb = (ahs —agh,) i + (agby —aybs)j + (ab, —a,b )k

i ] k

=4 8 a3

b, b, bs
187 sno 12¥Bl
|a] -[b]

2

_ \/(a2b3 - a3b2)2 + (b, - alb3)2 + (3, —a5b,)
V(a2 a2+ a2) (o203 402)

11.8.8 Themagnitude of ax b can be expressed in terms of scalar products i.e.,

(axb’-a b - (a b

Pr oof: (axt_)) (a xk_)) = |a ><b|

If & b, chethreevectorsthen, ax (b+c)=axb+axc

11.9 Geometrical Interpretation of Vector Product:

11.9.1 Vector Area: Definition - The vector area of a plane closed curve C is a vector of magnitude
equal to the area enclosed by the curve and of direction normal to the plane of the curve in the
sense of right handed rotation. By right handed rotation we mean that the direction of the normal
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11.9.2

Note 1:

Note 2:

11.9.3

vector will be the same as the direction of the motion of translation of aright handed screw when
rotated in the sense in which the boundary of the area has been described.

Theorem: The magnitude of the vector product of two vectors is the area of a parallelogram
whose adjacent sides are represented by these vectors.

Let OACB be aparalleolgram
Let OA =a, OB =b and Z BOA =0

Then ax b =|a| |b| sin6 nwhere n' is a unit vector normal to the plane of the

parallelogram pointing in the direction in which aright handed screw would moveif rotated in the
sense OACB.

Now |axb| =|a| |b| sno=(OA) (OB)sin6=0A (OBsin 6)
= areaof the parallelogram OACB

Thus a x b isavector whose modulusis equal to the area of the parallelogram OACB and
whose direction is normal to the plane of the parallelogram OACB in the sense of right handed

rotation. Hence a x b represents the vector area of the parallelogram OACB, whose boundary
isdescribed in this sense.

The vector area of the parallelogram OBCA will be representedby b x a

The area of triangle OAB, two of whose adjacent sides are represented by the vectors a and b

is% |5 xk_)|. The vector area of triangle OAB is > axb.

If we are concerned with plane areas and if we take care to see that their boundaries are
described inthe same sense, then their sum and difference are respectively given by the magnitudes
of the sum and difference of the corresponding vector areas.

SAQ: If a=3i-j+2k,b=2i+j-k,c=i-2j+2k find (axb)xc and

ax(k_) xE:) and hence show that (axB) X C# ax (Bx (_:)
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11.10 Solved Examples of Cross Product:

11.10.1 Example: If a=2i-j+k and b =3i + 4j—k provethat a x b represents avector which
isperpendiculartoboth a and b .
i ]k
Sol: axb =[2 -1 1|=-3i +5j+11k
3 4 -1

. (axb)-a =(-3i+5j+11k) - (2i —j+k)
=—6-5+11
=0
Here (a x b) isperpendicular to 3 similary we can provethat (a x b) is[er[endicular to
b-
11.10.2 Twovectors 3 and p are expressed interms of unit vect asfollows:
a=2i—-6j-3k and b=4i +3] —k

What is the unit vector perpendicul ar to each of the vectors. Also determine the sine of the angle
between the gien vectors.

i ]k
Sol: axb=[2 -6 -3|=15 -10j+30k
4 3 -1

|axD| = y15% +10% + 30° = /1225 - 35
. Unit vector perpendicular to each of the vectorsaand b

axb 15/ -10j + 30k

“laxb| 35
:§|_EJ+EK
7 7 7
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_laxb| 35

SNO = ——— =
|a||b| \/22+2+32 \/42+32+1

3% 5 :\/E

Jm (% ym V®
11.10.3 Example: Provethat a x (b+c) +bx(c +a) +cx(a+b) = 0
Sol: LHS = axb+axc+bxc+bxa+Ccxa+cxb

:(5 xE)—(Exa)—i—(b X C —(éxB)—i—(E‘,xé) —(be)

—

=0=R-H-S
11.10.4 Example: Show that the diagonals of arhombus are at right angles.

Sol: With A asorigin Let b, d bethe position vectorsof B, D then

b + d isthe position vector of c.

Now AC=b+d

. AC.BDB =(b+d) -(@-5) =d>~b’ =0

[- AB=AD i-e, b=d]

Since the scalar product of AC and gp iszero it follows that AC and BD are at right angles.
11.10.5 Example: D isthe mid point of the side BC of atriangle ABC show that

AB% 4 AC? = 2(AD? + BD?)
Sol: WithA asorigin Let b, ¢ bethe position vectorsof B and C

. 1
o that the postion vector of B is > (b+ C) .
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Now BD=AD -AB
=(5+¢) -5 =3 (c-B)
Again ABZ + AC® =b? 1 ¢? (- AB=b, AC=c)
ThusAD2+BD2+%(5 S e
=%[(b2+c2)+2(5-6)+c2+b2—2(5-5)}
=%(b2+02)

- 2(AD? + BD?) = AB? + AC?
11.10.6 Example: Inany triangle ABC, show that

sinA_sinB_sinC

a b c
Sol: Let a, b, c represent the sides of the A ABC
a+b+c=0

But (axa)=0

- (axb) = —(axd) = (c+3)
. (axb) =|cxal

Similarly |¢ xa| =|bxc|

Now |axb|=[absin(zr-c)]=absinc et
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Now ab sin C=casn B =bcsnA

sinA_sinB_sinC
a b c

or

11.10.7 Example:What isthe unit vector perpendicul ar to each of thevectors 2i — j+ k and 3i + 4] — k?
Calculate the sine of the angle between these vectors.

Sol: Let a=2i—-j+k and b=3i+4j-k
We know that ax b isavector perpendicular to both 'a and 'b'.
T T ¢
Now axb =2 -1 1|=-3i +5j+11k
3 4 -1

- |laxb| =|-3i +5)+11k| = ¥(3? + 8% +11%) =155

Now unit vector perpendicular to the plane of 'a” and 'b'

_axb  -3i + 5] +11k
lax b V155

Further if ¢ be the angle between the vectors a and b, wehave axb=|a| |b| sinén,
where'n' isaunit vector.

- (axb) =[|a||blsno ] n®=|a]’ |6 sn®0 [ n?=1]

2 ) ) 2
. sn® 0= (ax b) _ (-3i +5j +11k)

|E|2 (22 +1° +12) (32 + 42 +12)

_9+25+121_@
" (6) (26) 156

. 155
. 8n0=, —
156

11.10.8 Example: Find the cosine and sine of the angle between the two vectors

a=3i +j +2k, b=2i-2j +4k-
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Sol: Let 9 be the angle between the vectors 'a and 'b'
Wehave a-b =|a| |b| cos6

a-b a-b

;. CoSO = =
a0l "2 yop?

Now a-b = (3i +j+2k)-(2i -2j +4k) =6-2+8=12

a2 =9+1+4=14 and b> = 4+ 4+16 =24

. C0SO = 12__ L —\/E
R V14424 473 N7

Now ax b isavector perpendicular to the plane of 'a and 'b'.
We have ax b = (3i + j+ 2k) x (2i —2j + 4k)

ik

-3 1 2|=3i-8j-8k

2 -2 4

We have ax b = |a||b| sin®n=a’ Vb* snon
~(axb)? =(a2) (b?) sn? o n? = (a?) (b?) sin? 0 [ n?=1]

Now (ax b)® = (8 — 8] —8k)” =64 + 64 + 64 = 64(3) =192

a®=(3i+j+2k)? =9+1+4=14 and

b® =(2i - 2j+4k)? =4+ 4+16=24

.2 192 192 _ 192 2
s8N 0= = — L sne= |/ = —
14 x 24 336 336 7

11.10.9 Example: Solvethe simultaneousequations r xb =axb and r-c=0, where 'b' and 'c' are
not orthogonal to each other.

Sol: Wehave rxb=z=axb=rxb-axb=0
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= (r-a)xb=0= r-aispadlel to't'
= r—a=ADb where ) issomescaar.
“rxb=axb=r=a+\Ab

Putting r = a+ A b inthe second equation r - ¢ = 0 we get

(a+Ab)-c=0 or a-c+i(b-c)=0

a-c
or XZ_E [Note that 'b' and 'c' are not orthogonal impliesthat b-c = 0]
a-c
r=a-——=>b
b-c

11.10.10Example: Find the area of the parallelogram determined by the vectors

i =2j+3k and -3i —2j+k

Sol: Let a=i=2j+3k and b=—3i —2j+k

The vector area of the parallel ogram whose adjacent sides are represented by vectors a and
b=axb-

Now axb = (i=2j+3k)x (-3 -2j+k)

i K
-1 2 3
-3 -2 1
=8i —10j + 4k

.. The area of the parallelogram
—|axb| =|8i —10] + 4K
— (8% +10? + 4%) = (64 +100 + 16) = 180 square units -

11.10.11 Example: Show that the area of the triangle whose adjacent sides are determined by the vectors

- - = == 1 .
a=3i + 4jand b=-51+7j IS 20E square units.
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Sal: The vector area of the triangle whose adjacenet sides are represented by the vectors a and bis
1- -
= —axb
2

Now axb = (3i + 4] +0k) x (- 5i + 7]+ 0k)

ik
=13 4 0
-5 70
= 41k
_ 1- - 1,. -
-, The area of the triangle :§|a>< b| =§|41k|
= 41/2 xq- units-

1
11.10.12Example: Show that 3 AC x BD represents the vector area of the plane quadrilateral ABCD.

Sol: Vector area of the quadrilateral ABCD = vector areaof A ABC x vector areaof AACD.

D C
-~ ACxAB + ACxAD
1
—EACX(AD - AB)
1
= ACxBD A B

11.10.13Example: ABCD isaquadrilateral such that
AB=Db,AD=d and AC=mb+nd

Show that the area of the quadrilateral ABCD is

[(m+n)| |B><a|

N
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Sol: For fig. refer exercise 7.

Vector areaof the quadrilateral ABCD = Vector areaof AABC + Vector area of AACD

=EA_I§><A_(§+EA—(§><KB:EB><(mE+na)+E(m5+na)xa
2 2 2 2
~Imbxb+nbxd+mbxd+ndxd
2 2 2 2
1 - _ _
=§(m+n)(bxd) [-- bxb=0 and dxd=0]
. 1 .
. Area of quadrilateral ABCD:‘E(m+ n) bxd

=l|m+n| |Bxa|
2

11.10.14Example:  Show that the areaof aparallelogram having diagonals 3i + j — 2k and i — 3 + 4k
is 5v3.
Sal: Let ABCD be a parallelogram such that
AC=3i+j-2k and BD =i - 3j + 4k
Vector areaof the parallelogram ABCD = Vector areaof A ABC + Vector area of AACD
- ZAB xAC+_AC xAD = ACxAB + AC xAD

~ L AC«(AD - AB) - 2 AC x BD
2 2

=%(3i+j—2k)x (i —3j +4k)
i j kK
=%3 1 -2
1 -3 4
1 . . . .
=§(—2| —14j-10k) = -i = 7j -5k
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-, areaof the parallelogram ABCD = |-i — 7] — 5k|

=V (1+49+25) =V75 =5V3
11.11 Answersto SA.Q.
11.11.1 SA.Q. of 11.9.3:

i ] K
axb=|3 -1 2|=—-i+7j+5k
2 1 -1

. (axb)xc=(=i +7j+5k) x(i - 2j+2K)

j ok
=|-1 7 5| =24i +7j—5K--ereeeeeee 1)
1 -2 2

Similarly we can provethat

i k
bxc=|2 1 -1|=-5j-5k
2 -2 2

ax(bxc) =(3i - j+ 2k) x (~5j — 5k)

[ ] k
=13 -1 2
0 -5 -5
=15i +15j 15K «oooeovnnennns (2)

from (1) & (2) wecarclude that
(axb) xc #ax(bxo)
11.12 Summar:

Acharya Nagarjuna University]+

In thislesson we discussed the operations of multiplication of avector by another vector. Wealso
discussed the dot and cross product of two vectors and their properties some problems also discussed.
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11.13 Technical Terms:
Scalar or dot Product

11.14

Cross Product

Vector Area
Exercise:
1)  Definedot product of two vectors a and b and giveits geometrical interpretation.
2) If a and b areany two vectors, then what do you concludeif a-b = 0
3 Ifa=(23-1),b=(0,4,2)find a-b
4 Ifa=i-j b=—j+2 showtha (a+b)-(a-2b)=-9
5  Findthedirection cosinesof thevector a = 5i — j+ k
6) Ifa=2+xj—k and b =4i-2j+ 2k find x suchthat a and b are othogonal.
7 If a=2i +j+ 2k and b =5i - 3j+k findtheprojection of b onthedirection of a.
8)  Definecross product of two vectors a and b and give its geometrical interpretation.
9)  Showthatif a, b arenon - sero vectors, suchthat axb =0 then a and b areparale
vectors.
10) Giventhat a=2i + 3j+ 6k, b=3i —6j+ 2k, c=6i + 2j -3k showthat axb = 7c.
11) Findthe unit vector perpendicular to each of thevectors 4i — 2j + 3k and 5i +j — 4k -
12) Show that the sine of the angle between the vectors i + 3] + 2k and 2i — 4 + 4k is
115
147
13) Provethat|5XE)|2 +(5-5)2=a_ ?
14) If a+b+c=0, Showthat bx c = cxa=axDb.

15)

Find the area of the parallelogram determined by thevectors i + 2j + 3k and 3i — 2j + k-
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16) Findthe area of the triangle whose verticesare P, Q, R given by
P=(123),Q=(2-11),R=(12-4):
11.15 Answersto Exercise:

2) a=0orb=Oora+b-I1f a0 b=0- Then a+b -

3 10
5 -1 1
% 3/3'3/3 3/3
6) x =3
7 3
(5i + 31j +14k)

W J1s2
15) 8\/5 sguare units

1

— 4/ 490
16) -

11.16 Model Questions:

1) Ifa,b,c aenon-coplanar vectorsshowthat b+ ¢ , ¢+ a, a+ b arealsonon coplanar.
2)  Show that the diagonals of rhombus are at right angles.
3)  Find the angle between the vectors a — i + 2j + 2K, b=i-— 2j+ 2k -

11.17 References:
1) D.C. Sancheti, V.K. Kapoor, " Business Mathematics".
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Lesson - 12

CALCULAS - DIFFERENTIATION - |

OBJECTIVES:

After studying this chapter, you will be able to understand.
» the derivative and write the derivatives of standard functions.
» differentiate functions using standard derivatives and rules of differentiation.

» higher order derivatives of function.
> derivatives as a rate measure.

STRUCTURE:
12.1 Introduction
12.2 Differentiation - Derivatives
12.3 Derivative of composite function

12.4 Exercises.

12.1 INTRODUCTION:

The word calculus stands for the method of computation. There may be an arithmetic
calculus or a probability calculus. The most common use of calculus is in regard to the computation
of the rate of change in one variable with reference to an infinitesimal variation in the other variable.
For example we know that given the speed, the distance covered is a function of time or given the
distance, the time taken is a function of speed. Then there is a dependent variable which gets an
impulse of change by a change in the independent variable. Calculus gives us the technique for
measuring these changes in the dependent variable with reference to a very small change,
approaching almost zero, in the independent variable or variables. The techniques concerning the
calculation of the average rate of change are studied under differentiation or the Differential calculus
and the calculation of the total amount of change in the given range of values is studied under
integration or integral calculus.

The usefulness of both these is very great in business. Given certain functional relations,
we can find out the average rate of change in the dependent variable with reference to a change in
one or more independent variables. For example with a given demand function, it would be possible
to find the degree of change in demand with reference to a small change in price or incene or both
as the case may be and also the maximum and minimum values of the function.
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12.2 DIFFERENTIATION - DERIVATIVES :

1. Differentiation :

To express the rate of change in any function we have the concept of derivative which
involves infinitesimally small changes in the dependent variable with reference to a small change
in independent variable.

Differentiation we can say is the process of finding out the derivative of a continuous function.

A derivative is the limit of the ratio of the increment in the function corresponding to a small increment
in the argument as the latter tends to zero.

Lety = f(x) be a continuous function. The rate of change inyis §y when the rate of change
inxis §x.

noy=f(x+06x)
Ly+oy=f(X+6X)

oy=f(x+6x)—-y
oy=f(x+6x)— f(X)

oy _ f(x+6x) - (X
OX OX

5x—>06y Sx f(x+6x)—f(x)
OX oX

L oy dy
OX—>0— j —
Sx is denoted by X

1 =
dx fi{(xX) when h = §x

Lt —
.'.ﬂ:h—mf(Hh) f(X)
h
y . .
™ means the rate of change in y w.r.t 'x

d f(x+h)— f(x
Ify—f(x)beafuncﬂonthen—y—h 0( )~ T(x)

dx h
Derivative of x" :
(X)) =X"
Lt (x) = h 0 f(x+h3] f(X)
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_pSo X)Xt
h
_hh 0(x +"e X" th+ "e,x"?h* +....+h") = X"

h
Lt
=h—0 (" X" + "¢, X" *h+......+ h™)

=n Xn-l

ny — n+l
dX(x) n. X

Derivative of e* :

let f(X)=¢€"
(X =hs 0f(x+h) f(X)
h
Lt X+h X
—h—0 & ©
=h—> Oe(e e
=ex(1)
(€"-1)
I SN
dx (ef)= e

Derivative of const 'c' ;

Let f(x)=c
() =ho Of(x+h3] f(X)
_hy 0(c) C

=0

dx (c)=0
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Derivative of \/x :

let f () =/x

 F1(X) = heo 0f(x+hk)l f(X)

Lt 0 Jx+h=+/x
h

(Vx+h—Vx)(/x+h+x)
h(+/x+h ++/x)

o (x+h)—x
=h=0 h(+/X+h +v/x)

—hO

X
Jx+0++/x
r
24x

d 1
ax (VIOT 20
Derivative of log x :

Ietf(x):logx

f(x+h)— f(x)
h

log (x+h)—logx
h

= h—>0 —Iog (X+hj
X

1) =h—>0

—hO

1
= h—>0 log (X+hj
X

Lt -
=1. h—0 log (1+Djh
X X

( Acharya Nagarjuna University
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X

Lt
_1 log h—>0 (1+Djh
X X

log e log x means log x

d o1
X (log x) "
Derivative of Sin Xx:

let f (x) = Sinx

- £y =S 0f(x+h3] f(X)

sin (x+h)—sin x
h

2C ((x+h)+xj Slr]((x+h) xj

Lt
=h—0

Lt

=h—>0
h
sin"
—h—>02Cos(x+—) 2
—2
2
=Cos(x+0).1
= Cos X

d
&(Smx)—Cosx
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Derivative of UV :

let f (X)=u(Xx).v(X)

10— n o f =0

_hS o Ux+h) v (x+h)— u(x). v (x)

h
o UG v (x+h) - u(x+h) u() +v (x+h) v (x) -u (). V(¥
h
g u0eeh) [V Oceh) '”Xﬂ + v (O[u (x+h) U (X)]
—h>0 u(x+h).h>0 V(X+;‘) V150 vi(x).hs0 u(><+:)-u(x)
= U (X).vH(X) - v(x) u(x)
by, v, du
T WV UG Vi

u
Derivative of V :

Ietf(x):%
LX) = hio f(x+h)—f(x)
u(x+h) u(x
=hi>0 v(x+h) v(X)
h

—hio u(x+h)v(x)— v(x+h). u(x

- hv (x+h). v(X)

Cho0 ux+hv(x)-uXVvE +u(x)Vv(x-vx+h). uX

hv (x+h). v(x)

hio V(%) [u(x+h) -u)] -u[v(x+h) v (x)]
h v(x+h) v (X)
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:[v(x).hio ( = (X+E) - u(x)j_ u(x).(hio v (X+:) 'V(X)ﬂ.

Lt 1
v (X+h) . v(x)

~ o v(X). Ut (x) - u(x) V()

) Ve

Formula:

1 i ny — n-1

.dx(x)—n.x

2. dx (e)= e

3 i X — xI i —
© i (a*)= a*log a A (ax)= a
L4l

.dx(ogx) x

d _
5. dx (Iogax)—X loga

Sd o1 di_ -
" dx (Vx) 20x T dxx" x™?

7 i =0
© dx (c) =
S RN - -
.dx(uv) udx vd
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dv du
10. » (uvw) = uv——w+ uw—(v) + vw

dx dx

d
11. &(Slnx)—Cosx
12 i C =-Si
. dx( 0sX ) = -Sin X
13 it = Sec?
.dx(anx)— ec? x
14 i C =-C 2
'dx( ot x) = - Cosec? x

d
15. ax (Sec x ) = Sec x. tan x

d
16. ax (Cosec x) =- Cosec x. Cot x

SOLVED EXAMPLES :
i) Find the derivative of x°

lety =x°

dy d

—_— 5
dx dx(x)

=5x>?!
=bx¢
ii) Find the derivative of x23+ 2x3+7x +5

lety = x¥% + 2x3+7x +5

d
———( X+ 2x3+7x +5)

d d d
(2 )+ (0 +

=2/ x4 231+ 7 40

-1
=2, x lsyexe 4 7

(U)

25)

( Acharya Nagarjuna University
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1
iii) Find the derivative of Z

iv) Find the derivative of x® + Sin x + e*

lety = x® + Sin x + e~

ﬂ—i 3+ Sin X + e
dx_dx(x in X +ex)

—_ i 3 + i H + i X
= dX(x) dX(sm X) ax (e”)
=3x?+ Cos x + e~

_ o X +2X+7
v) Find the derivative of 2

XC+2x+7
lety = T

dy X2 +2x+7
dx  dx x?
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F)
=1+2 N + N

2 2
e

1 3
vi) Find the derivative of (X—;j

3

- a (x3 —i—3.x2.1+3x.i2J

dx X X X
S8 [ Losd
dx X X

_4a . i(ij ;4 +3i(
T OD Tax 58 ) 3k W3y

SR CIRLEIE
=3x% — N -3()+3 X2

= 3x? ——4—3-%
X X

vii) Find the derivative of x2. Sinx

Lety = x2. Sinx
dy d
d—§=& (x2. Sinx)

- 21 S +S i 2
=X dx( inx) in X dX(x)

J
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=x?Cosx + Sinx .2x

=x2Cos X + 2x Sin x
vii) Find the derivative of ( x? + x + 1) log X

Lety =(x2+x+ 1) log x

ﬂ_i 2+ +1|
dX_dX[(X X )OgX]

d
=(x2+x+1)&(logx)+logx X2+ X+ 1)

ax ¢
3
=(xX2+x+1) + logx(2x+1+0)

1
=(x+1+;)+(2x+1)|ogx

viii) Find the derivative of [ ( X2 -3) ( 4x3+1)]
Lety = (x2-3) (4x3+1)

y_d e ;
b g (¢ 3 (4041

= (x*-3) % (4x°+1) + (4x3+1) %(ﬂ -3)
=(x®-3)[4.3x3+ 0]+ [4x3+ 1] (3x+0)
1
ix) Find the derivative of [ ( & -3X) (x + - )]
1
Lety=[(/x 39 (x+ )]
dy _

T= LR 30 (x )]

d 1 1 d
= (Jx B g (x+ )+ (X+;)&(\/§ -3X)
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-1 1 1
=(Jx 3 (x+ )+ (x+ ) [ 57 -3 )]

_ 1 1.
=(Jx B0 (x=33) + (x+ S ) [ 53]

x) Find the derivative of e*log x — Sin x

Lety = eXlog x — Sin X

ﬂ_i xI S
dx— dx € o9 x = Sinx

d d
=—e &(Iogx)ﬂogx&e—Cosx

1
=ex. (;)+ log x . e— Cos x

X

=— +e*. log x —Cos x
X

xi ) Find the derivative of x e* Sin x

Lety = x e*Sin X

ﬂ__ XS'

dx_dx(xe inx)

= X—d Si Si —d X X Si —d
=xe dx( in X) + X |nxdx(e)+e in X dX(x)

=xe*Cosx + X .e*.Sin+ e*Sin X

X +2
xii ) Find the derivative of 2 —x_2 with respected to ' x '

d X% + 2
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(% -x-2) & (¥ +2)~(x +2) & (¢ -x-2)

(xz—x—z)2

_ (¢ -x=2)(29)—(x*+2)(2x-1)
(xz—x—2)

2 —2X% —AX—2X3 + X2 —4x+ 2

(x2 —x—2)2
_ —X? —8x+2
(x2 —x—2)2
a—b Cos x

xiii ) Find the derivative of

d [a—bCosx}
ol : — | —V—(———

————— with respected to ' x '
a+b Cos x P

dx | a+b Cos x

(a+b Cos x)i((a—b Cos x)—-(a—b Cos x)(i((a+b Cos x)

(a+b Cos x)2

(a+b Cos x)(b Sinx)—(a—b Cos x)(—b Sinx)
(a+b Cos x)2

ab Sn x+b? Sinx Cos x+ab Sn x—b? Sinx Cos x
2
(a+b Cosx)

2ab Sn x Cos X
= (a+bCosx)’
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2 X

Sinx 2x-3

xiv) Find the derivative of with respected to ' x '

d X a
Sol- 4% | 'Sinx 2x-3

d X2 d ax
dx | Sinx |~ dx | 2x-3

. d 2 2 d . d X X d
Snx &( x*)=x &(Smx)_(ZX—S.) &( a’)-a &(2x—3)
(Sinx)’ (2x-3)?

Snx.2x-x*Cosx | |(2x-3) a*loga-a*.2
Sin® x (2x—3)°

2x89nx-x’Cosx (2x-3) a“loga—2a*
Sin® x (2x—3)?

Exercise :

Find the derivative of the following with respectto ' x'
1. 3x*+5x -1
2. 2Cos x-4e+5logx

3. a*+log x + /x

4, x7-7 e*+tan x
5. /2 Si +7 6+—3
. in x X

2 X2

6. log a

7. x3log x

8. (x2+1) Cot x

9. 4x3- 3 Sin x log x + e*log X

10. a* tan x log x
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X(x+2)
2X+5

Cos x
Sn x+Cos x

Cos x e

x> Bx+4

12.3 DERIVATIVE OF COMPOSITE FUNCTION :

If ' ' is a differentiable function at 'x' and g is differentiable function at x then gof is
differentiable at x and (gof)* (x) = g* [f(X)]. ().

Solved examples :
1) Find the derivative of (5x - 6)° with respected to ' x '

Sol : lety = (5% - 6)3

ﬂ_ES 63
dx_dx( X - 6)

d
- _B)2 — _
3.(5x- 6 X (5% - 6)
=3.(5x-6)*5

= 15. (5x - 6)?
2) Find the derivative of a 2*3 with respected to ' x '

Sol :lety =a **3

___(a 2><+3)

d
az+*3 log a. ™ (2x + 3)

a¥*dloga. 2

2.a>*3|og a.
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3) Find the derivative of Cosec*x with respected to ' x '

Sol : lety = Cosec*x

ﬂ =—(Cosec*x)
dx  dx

d
e 4
X (Cosec x)

d
= 4 Cosec 3X. ™ (Cosec x)

=4 Cosec *x. (- Cosec x. Cotx )

=-4Cosec “x. Cotx
4) Find the derivative of 209" with respected to ' x '

Sol : let y = 2009 tanx

ﬂ:i(zo log tan x )
dx dx

d
- log tan x N
20egtanx ‘1og 20. x [log (tan x) ]

1

= log tan x -
20 . log 20. anx dx

(tan x)

1
=20'9tanx |Jog 20. ——.Sec ?X
tan X

5) Find the derivative of log [ x + /x? +1 ] with respected to ' x'

Sol :lety =log [ X+ /x?+1 ]

1 d
_— — 2
X + x2+1 dx [+ Vx*+1]
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1 d
1
= [1+——— — (@+1)]
X + x+1 ol +1 X

/— [1+ 2x ]
x*+1 X211
1 X2 +14 X
Tx + 1 I +1
1
T+l

6) Find the derivative of \/COS«/; with respected to ' x '

Sol : lety = JCOS\/;

dy d

- dx JCosv/x

1

d
=5 Cosyx dx (Cosyx)

_r d
=2 JCos/x S Vx) - g (W)

1

=2 Cos\/_ (- Sin Jx). 2\/_

~-SnVx
" 4Jx yJCosyx
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7) Find the derivative of x~/Sin X with respected to ' x '
Sol : lety = x. \/Sn x
dy d

i dx X JSnx |

d d
=X &\/S'nx + /Snx i O)

1 d _ _
=X. Zm&(SInX).«/SnX .1

1
=X Zm.COSX+1/SnX

X Cosx+239nx
2./Sn x

1+ x
7) Find the derivative of tan? ( 1-x J with respected to ' x'

2(1+ XJ
Sol : lety = tan 1-x

(1+ XJ d (1+ xj
= 2. tan —1—x © ix tan 1-x

_ (1+ xj 2(1+ xj d (1+ xj
= 2. tan 1-x . Sec —1—x 'dx —1—x
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2 [E2) s [122], g0

1-x 1-x X TR X
=2, tan (11+_—XJ Sec? (1;_ Xj (1-x) (11—_()1(; x)(-1)

Exercise :

I
() Cos (4x +7) (i) e¥* (iii) (x2-3x +5) ® (iv) log (2x - 1) (v) a*> (vi)/2+3x

(vii) Cos™ x (viii) log (tan 5x) (ix) Iog(s'ngj

1 1
(i) log (x* +1) (i) (x+ x2+2)" (i) Sin (3yx*+1) (V) \/X+; V) orax

(vi)log[ Cot(1-X’) |

1]
() Sin mx . Cos nx (ii) x2. Cos3®2x (iii) (2 x3+1) e* (iv) e*. log 6x (v) (x?+1) log (log x)

1-x°
N o o .
(vi) e*. Sin 3x .Cos 4x (vii) Cos L+ Xz}

SUCCESSIVE DIFFERENATION :

If the function in 'X' is differentiated with respect to ' x', the result is called first derivative at
the function. If the 1st derivative is differentiative, the result is called second derivative. Similarly
we proced n times, then result is called n™ derivative of function.

d
Lety =f (x) is a function, then first derivative d_i =f1(x)
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Second derivative

Similarly n' derivative

dy d [d7y)
o dx Lax =f"(x)

Solved examples :

1) Find the second derivative of x3+2x? +3x + 4 with respected to ' x '

Sol:lety = x3+2x2+3x + 4
dy d
&:&(X3+2X2 +3X + 4)

=3x2+4x + 3

:%(3x2+4x+ 3)

=(6x+4)

2) Find the second derivative of e with respected to ' x '

Sol : lety = e*
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=2.2 e

=4, e*

—i 4 2x
_dX( e )

_41 2X
B dx(e )

=42 e

= 8. e*
12.4 EXERCISE

I Find second derivative of

() x* (i) Sin3x (iii)tan x (iv) log x (V) x_12 (vi) x. log x (vii) €*. sin x (viii) x?e*

Il Find third derivative of
() x*+2x3+ 7x+5 (ii) Cos x (iii) e (iv) ~ (v) ex x®

PARTIAL DIFFERENTIATION

Partial Derivatives :

f(a+h,b)-f(ab
Letz:f(x,y)Thenhgo( r)1 (2.5)

If it exist, is said to be the partial derivative

0z

of f (x,y) w.r. to 'X' at (a,b) and is denoted by (&j orf (a,b).

If f (X,y) possesses a partial derivative with respect to x at every point of its domain, then
the partial derivative with respect to x at every point of its domain, then the partial derivative of f

of
(x,y) w.r. to xis hiO f(x+hy) = 1(XY) and is denoted by f (x,y)or (&j
h
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Note 1 : Partial derivative of z w.r. to 'X' is the ordinary derivative of z w.r. to 'X' treating y as
constant . Also partial derivative of z w.r to ' y' is the ordinary derivative of z w.r. to 'y' treating x
as constant.

0z
Note 2 : (&j is called first order partial derivative of z w.r to 'x' and are some times denoted

by z,
Examples :

1F'daz h y
JR— = +X
) Fin 8Xwenzx y

Sol%-i Y + X
COX OX (r+y™)

ay_8 ., 0.
dx_ax(x) ax(y)

=yxt+y*logy

oz oz .
2) Find ox’ oy when z = e sin by
SOI %-i ax Qi b

L ax ox (e sin by )

0
= Sin by &(eax)

_ 0
=Sinby.e aX(ax)

=Sinby.e*.a

= a. e *.Sin by
0z 0 _
6_y:8_y (e* sin by )

=—e & oy (Sin by)
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0
=e ®Cos by . &(by)

=e®Coshy. b
=b. e ®*Cos by
ou ou
3)Ifu=f(x2+y2)provethaty&=xa
&)Ia_u_if 2 4 \2
oxox (XY

0
=f|(x2+y2)& (X2 +vy?
=fl (X2 +y?). 2x

ou
y@=2xy fr(x*+y?)

a—u a 2 2
oy~ ox f(x2+y?)

0
=1 (¢ +y) 5y (¢ +¥)

=fl(x*+y?). 2y

ou oy T (5 2
X = 2X X2 +
oy y fi( y?)

L ou_ou
ya X oy
0z 0z
4) If Z=e>f (ax - by) prove that b x +a 5 =2abz
Sol : 0z_0 axtby f b
. ax_ax [e (aX- y)]
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0 0
— paxtby —— _ _ N ax+by
e aXf(axby)+f(axby) aXe

0 0
=eax+byf'(ax-by)& (ax - by) +f (ax - by) ea”bV& (ax + by)

= e fl (ax - by). a+ f (ax - by) e, a

0z
b= =ab e f (ax-by) +ab e f (ax- by)

oz

0
_—— ax+b! -
X ox [exy f ((ax - by)]

0 0
— @axtby —— - - _ ax+b
e yaxf(axby)+f(axby)axe Y

0 0
= e fl (ax- by)& (ax - by) +f (ax - by) ea“bV& (ax + by)

= gax+by fl (ax - by). (-b) + f (ax - by) @axtby (b)
0z
a_ =-abe>f (ax-by)+ab.e> . f(ax-by)

0z oz .
. e - = ax+by -
"b8x+a8y 2ab.e . f(ax - by)

=2 abz
0°z

OX oy

5YIf z=ew+f(x)+g(y) find

&)I %_i x+y+f +

_ 0 ame 2 9
= [e9]+ — [1(9]+ > [g ()]

0
e+ o (x+y)+ 0+ g (y)

=e (D+ gy
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oxoy  ox | oy

i X+y |
S €7 g O]

i x+y+i |
ox © aX[g(y)]

0
= e &(x+y)+ 0

= e (1)

= exty

Dr. T. Nageswara Rao ; o wm.phil.. ph.D.
Vice - Principal
Hindu College, Guntur.



Lesson - 13

CALCULAS - PARTIAL DIFFERENTIATION -
MAXIMA - MINIMA

OBJECTIVES:

By the study of this lesson you will be able to understand the meaning, first order partial
derivatives, second order partial derivatives in detail.

STRUCTURE:
13.1 Introduction
13.2 First order partial derivatives
13.3 Second order partial derivatives
13.4 Solved examples
13.5 Exercises
13.6 Homogeneous function
13.7 Examples
13.8 Statement of Euler's Theorem.
13.9 Examples
13.10 Exercises
13.11 Maxima - Minima - Stationary value
13.12 Critical points
13.13 Relative Maximum value
13.14 Relative Minimum Value
13.15 Extreme values
13.16 Working rule for finding Maximum and Minimum values of a function
13.17 Examples

13.18 Exercises
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13.1 INTODUCTION :

Partial Derivation :

Let Z =f(x,y) be a function of two variables in a domain DCR let (a,b) €D

lim -
; h_)of(a+b,t;]) f (a,b)

exists, then it is said to be the partial derivative of f ( x,y) w.r.t X

of 0z
at the point (a,b). Itis denoted by | 5 (or) ax | (enfx(ab)
(a,b) (a,b)

Iimof (a+b,k)-f (a,b)

If K— K exists, then it is said to be the partial derivative of f(x,y) w.r.ty at

of 0z
the point (a,b). It is denoted by {5} (or){g} (on) fy (a,b)
(ab) (ab)

Usually, the partial derivates of Z = f(x,y) at a point (x,y) are denoted by (or) fx and (or)fy

Note :

Partial derivative of z = f(x,y) w.r.t X is the ordinary derivative of z w.r.t x treating y as a
constant Partial derivative of z = f (x,y) w.r.t y is the ordinary derivative of z w.r.t y treating x as a
constant.

13.2 FRIST ORDER PARTIAL DERIVATIVES

of of
——or fx = orfy are called frist order Partial derivatives of z = f(x,y)

OX oy
13.3 SECOND ORDER PARTIAL DERIVATIVES

0z 0z
If z=1(x,y) then the frist order partial derivatives x 6_y may again be functions of x,y.
0z 0z
The partial derivatives of x’ @ w.r.t x and y are called Second order partial derivatives of

z =1(xy)
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o) 5
They are, ox | ox —yorfxx

0 (o2 _ oz
oy \ox ) = oy ox orfyx

oz 0°z
ox \ oy )  oxoy

orfxy

) _o2
oy | oy ‘ay2 orfyy

. : . 0’z oz
Note : We consider the functions for which oXoy - Oy ox
13.4 SOLVED EXAMPLES
Examples 1:
0z oz
If z = xeY + ye* then find ox +6y
Solution : ez _9 Y + yex
olution : x aX(xe yer)
_0 e D e
_ax(xe) ax(ye)
= yi + 2 X
=e (x)+yo (e
=e(l)+y( &) =evt+tye
0z 0
8_y =@(xey+yex)

_Xax(e) eax(y)

=xe'+e< (1) =xe¥+e
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Examples 2:
21\/2 i 0z g
If z = x?+y? + 2xy then find ox’ Oy
Slt . a_z —2 2+ 2+2
olution : ox —8X(x y Xy )
S0 a2
= 2x+0+2 3
= 2x+0+2y — (¥)
=2x+ 2y (1)
=2X + 2y
g i 2 2
oy T oy (XHVIr2y)
0 , 0 , 0 )
= + +
ay(x) ay(y) ay(xy)
= 0+2y+2 3
= y+2x (¥)
=2y + 2x (1)
=2X + 2y
oz 0z
Coox oy
Examples 3:

Iff=>xfindfy

of
Solution : fy = 8_y

0

oy (x) = xlog x



Examples 4:

If f = x2yz - 2xz® + xz2 then find

of
Solution :

oy

0
=log x 6_y )

=log x . x¥. log x

= (log x)? . x¥

’f

OX oy

0
= @( X2yz - 2XZ3 + xz? )

0
xza—y (y)-0+0

X2z (1)

1]
x

N
N

’f

k OX oy

_ e .
=2 )

=z (2x) =2xz

at(1,0,2) =2 (1) (2) =4

O L
ay(xyz)‘ay(zxz)"'

at (1,0,2)

& 02)
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Examples 5:
ou au ou
If u=log (xX*+ y*+ %) then find x 5y +Yy oy +z§
Solution : au --él(lo (x®+y2+27%) )
Cx o ox 4
1

= 35 o (YD)
21y 172 OX

1
2ry2rg2 (29

ou 1
X— =X, ——F+—— (2X
ox X2 +y2 472 (2%

2x°

= .2

X +y2+z2

0
oy (log (¢+y*+ 2% )

2

11
N
N
N
—
<
-

|
<
N
N
N

y_

( Acharya Nagarjuna University
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ou 0 | s
_— = — + +
pe az( og (X*+y*+ 2% )
:;_(X2+y2+22)
X2 +y2 472 02
1
= W24y2.,2 (2)
AT S
2z~ =2 x2+y2+22 (22)
272
" x24y24 72
@ a_u ou
'-X8X+yay+25
2x2 2y? 27°
= + +
x2+y2+22 x2+y2+22 X2+y2+22
2X7 + 2y% + 27°
= 242472

20 +y*+2?)

= Zay2 52

=2

Examples 6:

0%z 0%z

OX 0y oy ox

If z=x3+ y3- 3 axy show that

i g i 3 3
Solution : oy _8y(X+y'3aXy)

=0 + 3y?-3ax
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o)
oxoy  ox | oy

0
= — 2 _
aX(Sy 3ax)
=0-3a
=-3a
g —i 3+ 3 3
OoX _ax(x y-3axy )
= 3x?+ 0-3ay
Tk
oy ox 0y | OXx
0
= @(SX-Say)
=0-3a
=-3a
0%z B 0%z
OX 0y 0y OX

13.5 EXERCISE :

242 fi 0z %

1. Ifz=x2+y?, find & " oy

. p%u du

= axy -

2. lfu=evw ,find oF X oy
3. Iff=x*(y-z) +y? (z-X) + 2% (x-y) show that a, o, a. 0

' g Y Y oxX oy 0z
ou ou

4. ifu=ev findx 5 +y oy

y oz oz
5. Ifz=xyf(;)showthatx&+y 5 =2z
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13.6 HOMOGENEOUS FUNCTION:

LetAe R% f: A - R, neR. Then the function f (x,y) is said to be a homogeneous function
of degree or order n in variables x, y if f (Kx, Ky) = K" f(x,y).

13.7 EXAMPLES

Examples 1:

X3+3

If f= XZT;/Z , show that it is homogeneous function of order 1.

3 3

+y
XX +y

Solution: Letf (x,y) = 2

_()+(ky)
- F(Kx, Ky) = (kx2)+(ky2)

~ k3X3+k‘°’y3
_k2x2+k2y2
ks(x3+y3)
= kz(X2+y2)
XX +y°
. X2+y2

=kt f(x,y)

.. fis homogeneous function of order 1.
Examples 2:
If f (x,y) = ax?+ 2hxy + by? show that f is homogeneous function of order 2.
Solution : Let f (x,y) = ax? + 2hxy + by?
- F(Kx, Ky) =a (kx?) + 2h (kx) (ky) + b (ky)?
= a k2 + 2h kx ky + b k?y?
= k2 ( ax? + 2hxy + by?)
= k2. f(x,y)

.. fis homogeneous function of order 2 .
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13.8 STATEMENT OF EULER'S THEOREM :

0z 0z

If z =f (x,y) is a homogeneous function of degree n, then x& +y 5=nzv X,y in the

domain of the function.
13.9 EXAMPLES

Examples 1:

X +y’ of of .
x—y ' show that x X +y oy = 2f by Euler's thorem.

Iff=

3 3

Ty
X_

Solution: Letf(x,y) =

kSXS + k3y3
kx—ky

= k2 f(x,y)
- F(x,y) is homogeneous function of order 2 .

By Euler's thorem.

of of
X ax+y8y =nf
of of

:>x5+ya—y=2f
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Examples 2:

of

y X of ot '
Iff=(xy), —xCos( j+yCos(yJ showthatxax+yay = f by Euler's thorem.

X
Solution : Letf (x,y) = x Cos (yj +yCos[yj

ky kx
. f(kx, ky) = kx .Cos (Ej + ky .Cos(gj

- oxcos 2]+t cos[ 2
- [xcos( L)y cos[X]

= kL f(x,y)
- F(x,y) is homogeneous function of order 1 .

By Euler's thorem.

8f of

ax y8y nf

of of

:x&+ya—yzlf

of a_f
= X 8X+yay =f

13.10 EXERCISE :

f X%+y%f d oz oz Zb I h

1. Ifz= —37 1/ findx— +y = = = byEulerst

z x%+y% ind x> +Y73 g Py Euler's theorem

2. If Xy find _82 oz 0 by Eul h

. fz= ind x>+ = uler's theorem
Ky Yoy =0
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3If—Mf'dg g—ObEI'h
. Ifu= \/;-H/y in X8x+y8y_ y Euler's theorem.

ou  ou
4. Ifu= x*+3x% - 2xy?+y® show that x gy +y 5 = 3u by Euler's theorem.

13.11 MAXIMA AND MINIMA :

Stationary Value : Let f be a real function which is differentiable at' a'. If f1(a) = 0 then
we say that f(x) is sationary at x =a . ( a, f(a)) is called sationary point and f(a) is called
sationary value.

13.12 CRITICAL POINTS :

The points at which f (x) = 0 or f* (x) does not exists are called critical points of the function

().
13.13 RELATIVE MAXIMUM VALUE :

f (x) has relative maximum at x = a there exist § > 0 such that f(x) < f(a) fora—§<x<a
+ 5 . f(a) is called relative maximum value.

13.14 RELATIVE MINIMUM VALUE :

f (x) has relative maximum at x = a if there exist § > 0 such that f(x) > f(a) fora-§<x<a
+ 6 . f(a) is called relative minimum value.

13.15 EXTREME VALUE :

The points at which a function attains either maximum or minimum are called extreme
points or turnins points of the function maximum or minimum values of a function are called extreme
values or turning values of the function

Necessary condition for extreme value of function :

If a function f(x) has extreme value f(a) then f*(a) =0 if it exists.
Sufficient condition for extreme values :

Let f(x) be derivable at x = a and f! (a) exists and is non - zero.

a) f}(a) = 0 and f*(a) < 0 = x = a is a point of relatively maximum.

b) fi(a) = 0 and f(a) > 0 = x = a is a point of relatively minimum.
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13.16 WORKING RULE FOR FINDING MAXIMUM AND MINIMUM VALUES
OF A FUNCTION

d
Step | : Find d—ifor the given function y = f(x)

d
Step Il : Find the values at x whe d_i =0 let these values a,b,c,......

2

Step Il ; Find M
p . dXZ

Step IV: Find x=an d_zy
p . - dXZ

i) if the result is -Ve, the function is maximum at x = a and that maximum value is f(a)

ii) If the result is +ve, the function is minimum at x = a that minimum value is f(a).

2
Step V: When d_xz = 0 for a particular value x = a, then the either employ the first method

3 4
d
or find d—)g azand put x = a successively in these derivatives.

13.17 EXAMPLES

Examples 1:
Find the stationary points and stationary values of the function 3x* - 4x3 +1.
Solution: Let y=3x*-4x® +1.

dy
— =12x3-12x2
dx

d2y 36x2-24
— = 36X2 - 24x
dx?

dy
Put ax 0

= 12x8-12x>=0
= 12x2(x-1) =0
= x*=0, x1=0

=x=0, x=0
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Stationary points 0,1

Stationary values =Y x=0, Y x=1
= 3(0)* -4(0)3+1, 3(1)*- 4(1)* +1
=1,0
Examples 2:
Find the maximum and minimum values of the function x® — 9x?+ 24x —-12

Solution : Let y=x3—9x*+ 24x -12

dy
—_ = 3x?-18x+24
dx

d’y
V =6x-18

dy
Put ax 0

= 3x?-18x+24 =0
= X*-6x+8=0
= X? -2x-4x+8=0
= X(x-2)=4(x-2)=0
= (x-2) (x-4)=0
Stationary Values 2,4
i) When x = 2

2

d7y

V =6(2) - 18 = -6<0

23-9.22+424.2-12

y

8- 36+ 48 -12
=8

When x = 2 the given function has maximum value and that maximum value is 8.
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i) When x =4
d_zy =6(4)-18=6>0
N -

y = 43-9.42+24.4-12
=64 -144 + 96 -12
=160 - 156
=4
When x = 4 the given function has minimum value and that minimum value is 4.

Examples 3:

X

Show that the function f (x) = @ has a minimum value at x = e.

X
Solution: f(x)= @

d
logx—

d
< P 09 g, 1099

(logx)*

log x.1
" (logx)®

logx -1
~ (logx)*

2 d d 2
(log x) &(Iogx—l)—(logx—l) &(Iogx)
(logx)*

fii(x) =

(log x)2 .)1(—(Iog x-1) .2log x.)l(

(logx)*

E(Iog x)2 .glogx (logx-1)
X X

(logx)*
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Putft (x)=0

logx -1
= (logx? ~°
= log x-1=0
= log x=1
= log, x =log.e
= X=e
Stationary value =e

Whenx =e

1(Ioge)z.gloge (loge-1)
fil (e) = e e
(loge)*

1221020
e e

@*

1
~= >0
e

e e
f(e)= 7~ Ize

loge -
. T (X) has minimum value at x = e and that minimum value is e
Examples 4:
Investigate the maxima and minima of the function 2x3 + 3x2- 36x +10

Solution : Let y=2x®+ 3x?- 36x +10

d
y = 6Xx%+ 6x -36

dx

d’y

W =12x+6
dy

Put ax 0

= 6x2+6x-36=0

= X?+x-6 =0
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= (x+3) (x-2) =0

Stationary Values -3,2

When x = -3
d—2y-12(3)+6 =-30<0
ax® -

X =-3

y = 2(-3)*+3(-3)2- 36 (-3) +10
=-54+ 27+ 108 +10
=91
. The function has maximum value at x = -3 and that maximum value is 91

When x =2

d—2y—12(2)+6 =30>0
N -

y = 2(20+3(2)2- 36 (2) +10
=16 +12 -72 +10
=-34
. The function has maximum value at x = 2 and that maximum value is -34
Examples 5:

A company has examined its cost structure and revenue structure and has determined
that c the total cost , R total revenue, and x the number of units produced are related as

C=100+0.015x?and R = 3x

Find the production rate x that will maximise points of the company. Find the profit. Find
also the profit when x = 120.

Solution : Let p denote the profit of the company, then
p=R-c
= p =3x (100 + 0.015 x?)

= - - 2
3x-100 1000x
@ _ s 30x
dx ~ ~ 1000



—(Centre for Distance Education ) [13.18]

d’p -30

& 1000 <°

dp
Put ax 0

=3-.-~~-=0

= X =100 units

Stationary value x = 100.
When x =100

d’p -30

@& - 1000 <°

15
= - - —_— 2
Put = 3(100) -100 - 7 -5 (100)

15x 100 x 100

1000
=3-100 - 150

=3-100 -

=50 rupees

( Acharya Nagarjuna University

When x = 100 the profit is maximum and that maximum profit is 50 rupees .

The profit when x = 120 is
p =3x120- 100 - 0.015 x (120 )?
=360 - 100 - 216
=44 rupees.

Examples 6:

The cost C of manu facturing a certain article is given by the formula

48
C=5+7+ 3x?

Where x is the number of articles manufactured. Find minimum value of c.
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) 48
Solution : C=5+? + 3x2

C -1
= 0+48 (7) +6X

dx
d—20—48 2 +6
dXZ - (XS)
put & ¢
Wax ~

— + 6x=0
= X2

48
=6Xx= "5

X
= 6x3=48
=x3=8

=X=2

Stationary value 2

When x =2
d’c 96
o -2 *8
=12+6
=18>0

48
C=5+ 7+3(22)

=5+24+24
=53 rupees

When x = 2 the cost is minimum and that minimum cost is 53 rupees .
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13.18 EXERCISES :

Find the maximum (or) minimum values of the function.

1.y=27-6x+x?

2.y=8+4x-x?
Find the maximum and minimum values of the function.
3.y= Zx~°’+ lx2-6x+8

3 2

4.y =x3-3x+15

5.y=x3-2x2+x+6

6.y =2x3+ 3x2-36x + 10

7. By an ' Economic order Quantity; We mean a quantity Q,Which when purchased in
each order, minimizes the total cost T incurred in obtaining and staring material for a
certain time period to 10 fulfil a given rate of demand for the material during the time
period.

The material demanded is 10,000 units per year, the cost price of material Re.1 per
unit, the cost of replenishing the stock of material per order regardless of the size Q of

1
the order is Rs. 25, and the cost of storing the material is 12 5 percent per year on the

rupee value of average quantity Q/2 on hand.

i ) show that T = 10,000 w Q
(i) showthat T = 10, + Q +16

(i) Find the Economic order quantity and the cost T corresponding to that.
(i) Find the total cost when each order is placed for 2500 units.

8. The demand function for a particular commodity isy = 15 e*3for 0< x <8, wherey is
the price per unit and 'x' is the number of units demanded. Determine the price and the
guantity for which the revenue is maximum.

(Hint : Revenue ;R=y, Xx)

9. Afirm has to produce 144,000 units of an item per year. It cost Rs. 60 to make the
factory ready for a product run of the item regardless of units x produced in a run. The
cost of material is Rs. 5 per unit and the cost of storing the material is 50 paiseper item

X
per year on the average inventory (Ej in hand. Show that the total cost cis given by
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23,040,000 x
C =720,000 + f + Z

Find also the economic lost size, i.e. value of x for which ' C ' is minimum.

10. A company notices that higher sales, of a particular item which it produces are achieved
by lowering the price charged. As a result the total revenue from the sales at first rises
as the number of units sold increases, reaches the highest point and then falls off. This
pattern of total revenue is described. by the relation y = 40,00,000 - (x -2000)? Where y
is the total revenue and x the number of units sold.

i) Find what number of units sold maximizes total revenue ?
i) What is the amount of this maximum revenue ?

iii) What would be the total revenue if 2500 units were sold ?

Dr. T. Nageswara Rao , com. m.Phil.. Ph.D.
Vice - Principal
Hindu College, Guntur.



Lesson - 14

CALCULAS - INTEGRATION
OBJECTIVES:

By the study of this lesson you will be able to understand the meaning & important of the
indefinite integrals with examples. You will also be thorough with integration by substitution,

Definite integrats in detail.

STRUCTURE:
14.1 Introduction
14.2 Theorems
14.3 Solved examples
14.4 Exercises
14.5 Integration by substitution
14.6 Solved Examples

14.7 Exercises

14.1 INTODUCTION :

Antiderivation :

If f(x) and g(x) are two functions such that fi(x) = g(x) then f(x) is called antiderivative or
primitive of g(x) with respect to x

d
Ex: ™ (X? +2x+5) = 2x+2

X2 +2x+5 is an antiderivative of 2x + 2.
If f(x) is Primitive of f(x) then F(x)+c is called indefinite integral of f(x) with respecttox. Itis

denoted by I f(x)dx.

J f(X)dx = F(x)+c where c is constant.

5

Ex:1- j(x4+2x)dx: %+Xz+c

Ex:2- IS’nxdx: -Cosx+c
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14.2 THEOREMS
Theorem 1:

n+1

Ifn = - 1then | x" dx= +C
* I n+1
Proof:
d Xn+l
'&(n-klj =X
Xn+l
J'x” dx= +c
n+1
7+1
X
Ex: | X’ dx= +C
I 7+1
X8
=—+C
8
—6+1
Ex: | x®dx= +cC
j —6+1
X—5
=—+C
-5
%+l
% _ X
EXx: JX dx +C

( Acharya Nagarjuna University
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Theorem 2 :

I adx =ax+c

Proof:

ax (ax)=a

I adx =ax+c
Ex:_[ 2dx =2+c

Ex : I dx =x+c¢
Theorem 3:
J'de=log|x|+c
X

Proof :

.l 1

: dX(|Og|X|)— X

jl dx =log|x|+c
X

Ex : jidx:ljidx:llog|x|+c
ax  a’x a

1 1,1 1
Ex: Iadng-[;dx:glog|X|+C

Theorem 4 : Iede= e+ c

Proof:

d X X
-.-&(e )ze

J'ex dx=¢€"+c
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1 1
Theorem 5 :f;d“m* C

Proof:

1 -1
EX J'XS dX= (5_1))(5—1 C
1.
~ 4%t
1 -1
dx = +
Ex J. X3 ( 5_ j W75
3
_1 c
=2 X%
3

( Acharya Nagarjuna University
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X

+C

Theorem 6 :J'ade= loga

Proof:

d| a 1 d,,
v = (@)
dx| loga | loga dx

1 &
- ——.a" loga
loga

Xy a*
ja dx—Ioga

+C

X

+C

2
- | 2%dx =
Ex: _[ log 2

SHES (8)

2

1
Theorem 7 : Iﬁdx: 2x+¢c

Proof :

d d
&[2&] = 2&(&)

1
2=
2Jx

e

j% dx = 2x+ ¢
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EX:jJ;_de:jﬁlﬁdx

= ﬁj%dx
:\/7.2\/;+c
=2J7Ix+c

Theorem 8 :IO.dx:c
Proof :

d
el =0
5 ©)

.'._[O.dx:0+c=c

( Acharya Nagarjuna University
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Theorem 9 :ICosxdx=Sinx+C

Proof :

-.-E(Sin x ) =Cos X
dx

_[Cosx dx=Sinx+c

Theorem 10 : ISin xdx=-Cosx+cC

Proof :

di(—Cos X )= —{di(Cos X )}

X X
=-(-Sinx) = Sin x

J'Sinxdx:-Cosx+c

Theorem 11 : jSeC2 xdx=tanx +c
Proof:

-:i(tan X ) = Sec®x
dx

_[Secz xdx=tanx+c

Theorem 12 : J.Cosec2 xdx=-Cotx+cC

Proof :

di(_cm X )= —[di(Cot x )}

X X

=—[— Cosec*x ]

= Cosec?x

_[Cosecz xdx=-Cotx+c
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Theorem 13 : J.Sec tanx dx=Sec x+c

Proof :

-.-i(Secx)=Secxtanx
dx

_[Sec tanx dx=Sec x+c

Theorem 14 : J'COSec X Cot xdx=-Cosec x+c

Proof :

%(—Co&c X)=— {&(Cosec X )}

=—[—-Cosec x Cotx]

= Cosecx Cot x

_[CoSec X Cotxdx=-Cosec x+c

14.3 SOLVED EXAMPLES

Examples 1: Evaluate I(3X2 -5x + 4) dx
Solution : _[(3X2 - 5x + 4) dx

= 3J'x2dx-5j'xdx+judx

X2+l 1+1
= -5, +4Xx+cC
2+1 1+1
X234 Axae

( Acharya Nagarjuna University
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3x+4 )
Examples 2 : EvaluateJ. 2 dx

2
3x+4
Solution : j( 27X j dx

9x° + 24x+16
= I—dx

4x

I(g NG +12x+ijdx
4 X

%I X2 dx+12jxdx+ 4I%dx

2 1+1
9X +1+12X +4logx+c
4 2+1 1+1

§x3+6x2+4logx+c

Examples 3: Evaluate j(l-x)(4-3x)dx
Solution : j(l-x)(4-3x)dx
= [(4-7x+3x*)dx
= .[4dx-7.[x dx +3Ix2dx
XM o X4l

+3.
1+1 2+1

= 4x.-7

= 4x-gx2+x3+c
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3X*+4x+5
Examples 4 : Evaluate J. T dx

3x* +4x+5
Solution : I X dx

yERR

= j(sx% +4x/§+%jdx

SIX% dx+4j& dx+5j%dx

QX%+1 X2

= 3 1
2 2

2 2 23
3. gx2+4 §x2+ 10 «/x_+c

6> 8 °
gx2+§x2+10x/x_+c

a-b* Y
Examples 5: Evaluate J’E—ax b j dx

2
a*-b*
Solution : j( 2 b j dx

dx

_ .[aZX _ 2axbx + b2x
- a*. b”

X0 s o x te

( Acharya Nagarjuna University
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- Integration

)_

a2x 2axbx b2x
= J. - + dx
a*.b* a‘“.b* a‘.b"

Examples 6 : Evaluate _[(ex +sinx ++/x ) dx
Solution : _[(ex +sin x+\/x—)dx

:Iexdx+.[sinxdx+.[\/x_dx

X2 +1
+

1

2

jex -Cosx +

C
+1

= ex-Cosx+§x%+c
2 1
Examples 6 : Evaluate I(COSGC X-COSX+;)dX
. 2 1
Solution : I(Cosec x-Cos x+=)dx
X

:J'Ooseczxdx-J'Oosxdx+j%dx
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= ICoseczxdx -J'Cosxdx+jédx

= I-Cotx- Sinx+logx+c
Examples 7 : Evaluate I(Se X_ 42" +3cosx +4/x ) dx

Solution : j(8ex-4ax+3cosx+(‘/;)dx
= J’8eX dx-J’4axdx+J'3cosxdx+J'x%1 dx

= 8J'ex dx-4J' axdx+3j'cosx dx +J'x%1 dx

X %+
=8ex-4|a +3sinx +X1 1+c

oga —+1

4

X 5
= 8e” - 4a +3sin X +ﬂx4+c

loga 5
_ I(a+bsinx jdx
Examples 8 : Evaluate T oSt x

cos? x

a b sin x
:I 2 + > dX
COS“ X COS* X

_[(aseczx+bsecxtanx)dx

a+bsinx
Solution : J.(— jdx

aj sec’x+b Isec X tan x dx

=atanx+bsecx+c
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sin X
1+sinx

dx

Examples 9: Evaluate I

sin X
1+sinx

Solution : j

_[ sin x (1- sin x)
= 7 (1+sinx)(1-sinx)

_ jsinx-sinzx dx
1-sin? x
- . 2
(smx-sm x) g
X

j cos? X

sinx  sin® x
= _[ 2y 2 dx
cos? X cos? X

= |(sec x tanx - tan®x )dx
I )

= _[sec X tanx dx - I(sec2 x-1)dx
rsec’ xtanx =1
( )

= J'secxtanx dx-J'sec2 X dx + J'ldx

=Secx-tanx+x+¢c

14.4 EXERCISE -1

Evaluate
1. j 3x* dx
2. I?x% dx

3. j(ZX% +4x+5 )dx

Calculas - Integration

)_
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10.

11.

12.

13.

14.

15.

16.

17.

I &+%J2dx

J' 1+2+ijdx
X X

X3 +2x%-4x+5 j
j 5 dx
X

2
J-(2x +3) dx
3%

J.(2x+3)(4x-1)dx

Jla-x) ox
(x5 o

[ ax

([ rae)er
i[5 o

X

J' i+l+i dx
Ix e 2%
(Zcosx 1 j
j ——+ >— |dX
5sn“x 5cos® x
J'\/1+sin2xdx

( 1 4 1}
j 2X+— e ————
X 3Ix

( Acharya Nagarjuna University
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14.5 INTEGRATION BY SUBSTITUTION :

Theorem : If If(x) dx =g(x) anda = 0 then If(ax+b) dng

Proof:

Putax+b =t

d d
= &(aXﬁLb)— &(t)

dt
a+0=—
= dx

= adx=dt

= dX=§dt
~ [ f (ax+b)adx
:jf(t).idt
a

S3[F )

a
- g (1) +c

a
:Eg(ax+b) +C

a

Theorem :jtan dx =log|sec x|+c

sin x
COS X

Proof : Itanx dX=I dx

Put cos x =t Differentiate
- sin x dx = dt
sin dx = - dt

—dt
t

Calculas - Integration

)_
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=-log(t)+c

= log (%)+c

= Iog( ! J+c
B Cos x

= log|sec x| +c
Theorem :Icot dx =log sin x|+c

COS X
sin X

dx

Proof : ICOt dx :I

Put sin x =t Differentiate
cos x dx = dt

B dt

ot

=log(t)+c

= log|sinx|+c
Theorem : Isec x dx =log|sec x - tan x |

secx(secx+tanx)dx
sec X +tan x

Proof : ISGC x dx :I

Put sec x - tan x =t Differentiate
(sec xtan x + sec? x) dx =dt

sec X (tan x + sec x) dx = dt
_qd

Ut

=log(t)+c

= log|sec x +tan x | +c

( Acharya Nagarjuna University
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Theorem : jcosec x dx =log |cosec x -cot x |+ ¢

Proof - jcosec X dx :j
COSEC X - COt X

Put cosec x - cot x =t Differentiate
(- cosec x cot x + cosec? x) dx = dt

cosec x ( cosec x - cot x) dx = dt
_a
t
= log (1)
= log|cosec x - cot x | +¢

14.6 SOLVED EXAMPLES :

Examples 1 : Evaluate ISin (2x+3)dx

Sol : Put 2x + 3 =t Differentiate

(2+0) dx=dt
q _at
X7
jSin(2x+3) dx
R
__[Slnt >
=1j8intdt
2

1
- Z(-cost)+
(COS)C

= -%cos(2x+3)+c

Calculas - Integration

)_

cosec x (cosec x - cot x) dx
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dx
Examples 2 : Evaluate J-\/m
Sol : Putl+5x =t Differentiate

(0+5) dx=dt

-
X5

.[ dx
- 1+5x
dt
5
%
1. dt
= gjﬁ
= %2.\/E+C

= éx/1+5x +C

elog x

Examples 3 : Evaluate I dx

Sol : Putlog x =t Differentiate

1

;dx=dt
._'Ielo)?x dx
:J'etdt
=je‘+c

- jelogx +c
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1
Examples 4 : Evaluate J-WCOS Jx dx

Sol : Putlog \/x =t Differentiate

1
2\/; dx =dt

1
\/;dXZZ.dt

I%cos& dx

=jcmL2dt

= 2jcottdt

= 2sint+c

= 25in«/§+c

Examples 5 : Evaluate jsec (tanx) sec®x dx

Sol : Putlog tan x =t Differentiate

sec? dx = dt

J'sec (tanx) sec?x dx
= Isec t. dt
= log|sect+tant|+c

= log|sec (tanx ) +tan(tanx) [+c
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cosec?x

Examples 6 : Evaluate jm

Sol : Put a+b cot x =t Differentiate
=[O0+ b (-cosec?x)] dx=dt

= -b cosec?x dx=dt

dt
— cosec?x dx= —
-b
cosec?x
[CoseCX g
a+bcot x
g
= J'_b
t
_-lpat
T bt
_]_I
= — +
b og|t] c

o log|atbcotx | +c

2X+3

: ——dX
Examples 7 : Evaluate I % +3x -4

Sol : Put x2+ 3x -4 =t Differentiate
(2x+3) dx = dt

J‘ 2x+3 dx

L

BRRY:

= 24t+c

= 2x* +3x-4 +c
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SECX |24
Examples 8 : Evaluate j (1-tan x)2 X

Sol : Put 1-tan x =t Differentiate
(0-sec?x)dx=dt

sec?x dx =-dt

J-{(1 tan x)z} o

[ secX .
=’ (1-tanx)*

et

'[_4

dt

t

-1
SETRIAG

1
Ip te

3

1
= 3(1-tanx)® ¢

14.7 EXERCISE - 2

1
= I5x -6 dx
2. I(?x - 4)% dx
J' dx
3 ) i1-sx
~[3x62X-2 dx
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

J- 2x -3
x2-3x+4

J xlolgx d
[x®.sin dx
[2x.e* dx

j 2x. cos (1+x%) dx
j e*. sin (e*) dx

_[(3x2 - 4)x dx

1
[————dx
1+(2x+1)

Ilogxdx

J-sin (log x)

dx
jcos(log X)
X

J-Iog (1+x) dx
1+x

J-(1+ log x) dx
X

_[cos3x sinx dx

ji’/sinx .COS X dx

J'tansx. sec’x dx

( Acharya Nagarjuna University
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20. Itansx. sec?x dx

21. Icosec5x. Jeot x dx

COS X
—  _dx
22. J’(1+ sin x)2
I sec? x dx
23. (1+tan x)4
cosec? X
— —  __dx
24. '[(a+b cot x)6

Dr. T. Nageswara Rao y, com. M.Phil.. PhD.
Vice - Principal
Hindu College, Guntur.



Lesson - 15

DEFINITE INTEGRALS
OBJECTIVES:

By the study of this lesson you will be able to understand the meaning of definite integrals,
upper and lower bounds of a function, definite integral as the limit of a sun with examples.

STRUCTURE:

15.1 Upper and Lower Bounds of a function - Definition
15.2 Solved Examples

15.3 Exercises

15.1 DEFINITE INTEGRALS :

Upper and Lower Bounds of a function :

Let s be a subset of the domain of f. If there exists a number M such that f(x) <M for every
X in s, then we say that f is bounded above and M is called an upper bound. If there exists a
number m such that m< f (x) for every x in S, then we say that f is bounded below and m is called
a lower bound. If a function is both bounded above and below then we say that f is bounded.

Definit integral as the limit of asun :
Definition :

Let f be a bounded function in aninterval [ a,b ] contained in the domain of f. Let X, X, ,X,,......,
...... X.,» X, be numbers such that

n-1’
a= X< X<X, <. , X <X < ..., <X <X =b
r- r n- n

Let 5, bethe length of the r'"interval. [x ., X]§ =X -X_,m and M are the lower and upper
bounds in the r" interval.

n n
:>mrgl\/|r:>mr5rg|\/|r5r:> z mr5rS z Mr5r'

r=1 r=1
n n
Nowas n— o every 6, — Oand if Z m. s, and z M. §,. approach the same limit,
r=1 r=1
then fis said to be Rienann integrable or simply integrable. If f(x) is integrable in [a,b], then the limit

b
is called the definite integral of f from a to be and its denoted by I fFOqgdx

a
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Definition :

Let f(x) be a function defined on [a,b]. If I f (X)dx = F(x), then F(b) - F(a) is called the

b

definite integral of f(x) over [a,b]. It is denoted by I f(X) dX where a is called lower limit and b is
a
called upper limit.

b
Ex - jsin x dx =[-cosx],”

=(-cosb)-(-cosa)

=cosa-cosbh
4 5
X
Ex: .[X4 dX>[€]z4
2

45 25

"5 5

102 32

5 5

%02
5

15.2 SOLVED EXAMPLES

Examples 1:

1
Evaluate I (2x° +4x% + 3) dx
0

1
Solution - j(2x6+4x3+3) dx
0

2X6+1 4X3+1 1
= + +3X
{ 6+1 3+1 l
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g+1+3
7

+4

~N N

Examples 2:

7.

Evaluate j sinx dx
0

7
Solution : J.smx dx
0

=[- cosx]ojy2

= {— cos%} —[—cos0]

=(-00 - (1)
=1

Examples 3:

2
5x—4
Evaluate Ie dx
1

2
) Sx—4
Solution : jex dx
1
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r -2
5x—4
€

| 5+1

- 11

e°D-(4  o5(0-4)

6 6
_& o
6
-% 0
6
Examples 4:
2 2
X*+2x+1
Evaluate J[Tj dx
1

2 2
X +2x+1
Solution : J(Tj dx

X2 ’
- |—+2x+log x}
2 1

_22 12
- E+ 2.2+ IOQZ}{E+ 2.1+ Iogl}

- [2+4+I092]—[%+2+0} (- logl=0)

7
= —+log2
5 g
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3
E les 5: Evaluate I—ZX dx
xamples 5: 2
5 1+X

Solution: Putl+x?=t
Differentiate

(0+2x) dx = dt
. J- 2X dx . jﬂ
Sl ]t

=[logt]
=log (1+x?)

=log (1+3?) - log (1+22?)

=log 10 -log 5
o 5)
=log 5
=log 2
15.3 EXERCISE
Evaluate
1 2
1 |2 dx 2 [(2-3x+ %)
0 1
2 (5x+2)° 72
L dx sec” X dx
3. ! o~ 4, {
5 4 1
5, jezx*?’ dx 6. j—s dx
0 3 X

Dr. T. Nageswara Rao , com. m.Phil.. Ph.D.
Vice - Principal
Hindu College, Guntur.



Lesson -

16

SYSTEM OF LINEAR
EQUATIONS

Objective:

After studying this lesson the student will be in a position to know about system of linear
eqguations, consisting of equations by rank method.

Structure:

This lesson has the following components:

16.1
16.2
16.3
16.4
16.5
16.6

Introduction

System of Linear Equations

Consistency of Equations

Testing the consistency of equations by rank method
Solved Problems

Exercise

16.1 Introduction:

Suppose we are given data on prices in (Rs. per kg.) of wheat and rice in the months of
August and September.

Wheat Rice
August 3 2
Sept. 4 3

The family can spend Rs. 80 and Rs. 90 in Auguest and September respectively on wheat
and rice. Now if the family wants to purchase the same combination of wheat and rice in August
and Sept. the question is "How much wheat and how much rice it can buy in each month?"

Assuming they spent x kg. of wheat and y kg. of rice in each month. Then the amount spent

are

and

3x +2y in August

4x + 3y in September



+{Centre for Distance Education}+++++ +++++++] Acharya Nagarjuna University ]+

Since the family can spent Rs. 80 in Auguest and Rs. 90 in Sept., we must have

3x+2y=80
4x + 3y =90

Solving these equations for x and y we get the required combination. The given data on
prices can be written in the matrix form as

A = 3 2 , the price matrix
4 3

The purchase of the family may be expressed as

X

X
( Xl ] the required matrix.
2

Then A X - 3 4)( Xg _ 3Xq +2Xy
4 3 Xy 4xq + 33Xy

Writing B = [ 80) the equations (*) can now be written as
90

)

4 3 )\ X%, 90
AX=B

In general, the two simultaneous equations in the two variables x; and x, are
a1 Xy +app Xy =y
ap1 X1 + 8y X5 =by

can be written in the matrix form as

(all alZ]{Xllz[bl]
a1 8z )\ X2 b,
AX=B *)

Similarly the three simultaneous equations

19Xy + 815 Xy + 813 X3 =by
ap1Xq + 8y Xy + 83 X3 =by
gy Xq +agy Xy + 833 X3 =bg
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can be written in the matrix form as

817 812 8443 X1 by
ay1 Ay Ay || Xp | =| by
831 A8z a3z /| X3 by
= AX=B
17 412 413 X1 by
31 8y Az X3 bs

Since |A|=0,A™" exists
Multiply (*) by A~ we get

Atax=A1B,ie,

= IX=A"'B
= X=A"'B
Remarks:
By elementary algebra, we can conveniently express x,, x,, -~ X, interms of by, by, ---oe--

then the co-efficient matrix of this latter system is the inverse AL of A.

lllustration 1:
X+2y-z=5
3x-y+2z=9

5x+3y+4z=15

is equivalent to

1 2 -1)(x 5
3 -1 2 ||y|=|09
5 3 4 )z 15
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3 -1 5)(x 4
2. 5 3 -1||y|=|-3
15 3 )z 2

From this we get the simultaneous equations as

3x-y+5z=4
5x+3y-z=-3
-X+5y+3z=2

16.2 System of Linear Equations:

A system of (simultaneous) equations in which the variables (i.e. the unknowns) occur only
in the first degree is said to be linear.

A system of linear equations can be represented in the form AX=B. For example, the
equations x-3y +z=-1,2x+y—-4z=-1,6x —7y+8z =7 can be written in the matrix form as

1 -3 1)(x -1
2 1 -4||ly|=|-1
6 -7 8 )|z 7

A X = B

Ais called the coefficient matrix. If the matrix Ais augmented with thecolumn matrix B, at the
end we get the augmented matrix.

1 -3 1 : -1
2 1 -4 : -1|denotedby (A, B)
6 -7 8 : 7

A system of (simultaneous) linear equations is said to be homogeneous if the constant term
in each of the equations is zero. A system of linear homogeneous equations can be represented in

the form AX=0. For example, the equations 3x + 4y - 2z=0, 5x+ 2y =0, 3x -y+z =0 can be
written in the matrix form as

3 4 -2)\(x 0
5 2 0 ||lyl|=|0
3 -1 1)(z 0

A X = O
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16.3 Consistency of Equations:

A system of equations is said to be consistent if it has at least one set of solution. Otherwise
it is said to be inconsistent.

Consistent equations may have

(i) unique solution (that is, only one set of solution) or

(i) infinite sets of solution

By way of illustration, consider first the case of linear equations in two variables.

The equations 4x -y =8,2x +y =10 represent two straight lines intersecting at (3,4).
They are consistent and have the unique solution x =3,y=4 .

B 4
Consistent ;
Unique Solution

hy
"
0/ \'x

Fig 16.1

The equations 5x -y =15,10x- 2y = 30 represent two coincident lines. We find that any
point on the line is a solution. The equations are consistent and have infinite sets of solution such

as x=1,y=-10;x=3,y=0,x=4,y=5 and so on (Fig 16.2). Such equations are called
dependent equations.

Y4

Consistent ;
Infinite sets of solution

Fig 16.2
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The equations 4x —y =4 ,8x -2y =5 represent two parallel straightr lines. The equations
are inconsistent and have no solution (Fig 1.3)

YA

Inconsistent ;
No Solution

>
o// X

Fig 1.3

Now consider the case of linear euations in three variables. The equations 2x + 4y + z =5,
X+y+z=6,2x +3y +z=6 are consistent and have only one set of unique solution viz.
x=2,y=-1z=5. Onthe other hand, the equations x +y +z=1,x+2y+4z=1, x +4y+10z =1
are consistent and have infinite sets of solution such as x=1, y=0,z=0; x =3,y =-3,z=1 and so
on. All these solutions are included in x =1+ 2k ,y =-3k, z=k where k is a parameter.

The equations x +y +z=-3,3x+ y-2z=-2,2x + 4y +7z =7 do not have even a single
set of solution. They are inconsistent.

All homogeneous equations do have the trivial solution x=0,y=0,z=0. Hence the

homogeneous equations are all consistent and the question of their being consistent or otherwise
does not arise at all.

The homogeneous equations may or may not have solutions other than the trivial solution.
For example, the equations x+2y+2z=0,x-3y-3z=0,2x+y-z=0 have only the trivial

solution viz., x=0,y=0,z=0- On the other hand the equations x+y-z=0,x -2y + z=0,

3x +6y — 5z =0 have infinite sets of solutionsuchas x=1,y=2,z=3 ;x=3,y=6,z=9 and so
on. All these non trival solutions are included in x=t,y=2,z=3;x=3,y=6,z=9 and so on. All
these non trival solutions are included in x =t,y = 2t, z = 3t where tis a parameter.

16.4 Testing the consistency of equations by rank method:
Consider the equations AX =B in 'n' unknowns:
1. 1f p(A,B)=p(A) then the equations are consistent.

2. 1f p(A,B) = p(A) then the equations are inconsistent.
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3. If p(A,B)=p(A)=n then the equations are consistent and have unique solution.

4. If p(A,B)=p(A)<n then the equations are consistent and have infinite sets of solution.

Consider the equations AX =0 in 'n' unknowns:

1) If P(A)=n then equations have the trivial solution only.

2)  If p(A)<n then equations have the non trivial solutions also.

16.5 Solved Problems:
Problem 1:

Showthat the equations 2x -y + z=7,3x +y -5z=13, x+ y + z =5 are consistent and have
unigue solution.

Solution:

The equations take the matrix form as

2 -1 1)\(x 7
3 1 -5||y|=|13
11 1)z 5
A X = B
2 -1 1 7

Now (A,B)=3 1 -5 i 13

[EEN
[EEN
[EEN
a1

Applying R; <> R4
11 1 : 5
(A,B)~|3 1 -5 : 13
2 -1 1 : 7
Applying R, >R, -3R; , Ry > R; —-2R;
11 1 : 5

(A,B)~|0 -2 -8 i -2
0 -3 -1: -3

Applying R; - R5 — % R,
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11 1 :5
(A,B)~|0 -2 -8 ! -2
0 0 11 ! 0

Obviously
p(A,B)=3,p(A)=3
The number of unknowns is 3.

Hence p( A, B) = p( A )=the number of unknowns.

. The euations are consistent and have unique solution.

Problem 2:

Show that theequations x+ 2y =3, y-z=2, x + y + z=1 are consistent and have infinite sets
of solution.

Solution:

The equations take the matrix form as

12 0 X 3

01 -1||y|=|2

11 1 z 1

A X =B

12 0 3

Now, (A,B)=|0 1 -1 2
111 1

Applying R; = R3-R;

12 0 : 3
(A,B)~|0 1 -1: 2

0 -1 1 : -2

Applying R; - R3 +R,

—~~
>
(o8]
~
l
o O B
O Frr N
I
Ol_‘O
o N W
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obviously
p(A.B)=2,p(A)=2
The number of unknowns is 3.
Hence p( A,B) =p(A)< the number of unknowns.
-. The equations are consistent and have infinite sets of solution.
Problem 3:
Show that the equations x -3y + 4z =3, 2x-5y +7z =6, 3x — 8y +11z =1 are inconsistenet.

Solution:

The equations take the matrix form as

1 -3 4 X 3

-5 7 ||ly| =16

3 -8 11 z 1

A X = B

Now,
1 -3 4

(AB)=|2 -5 7 i 6
3 -8 11 1

Applying R, > R, - 2R, ,R; - R3 -3R;

1 -3 4 : 3
(AB)~[0 1 -1: 0
0 1 -1: -8

Applying Rz >Rz —R;
1 -3 4 : 3
(A,B)~|0 1 -1: 0
0O 0 0 : -8
Obviously

p(A,B)=3, p(A)=2
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Hence p(A,B)=p(A)
. The equations are inconsistent.
Problem 4:

Show that the equations x+y+z=0, 2x+y-z=0, x—2y +z=0 have only the trivial
solution.
Solution:

The matrix form of the equations is

1 1 1)(x 0

2 1 -1||y|=]0

1 -2 1)z 0

A X = O
11 1
A=l2 1 -1
1 -2 1

Applying R, >R, -2R; ,R; > R; —R;

1 1 1
A~ 0 -1 -3
0 -3 0

Applying R, - R, - 3R,

1 1 1
A~ 0 -1 -3
0 0 9
Obviously
p(A)=3

The number of unknowns is 3

Hence p( A ) = the number of unknowns.

- The equations have only the trival solution.
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Problem 5:

Show that the equations 3x +y +9z=0,3x +2y +12z=0, 2x +y+7z =0 have non trivial
solutions also.

Solution:

The matrix form of the equations is

31 9 X 0
3 2 12 yl| =10
2 1 7 z 0
X = 0
31 9
A= 2 12
2 1 7
31 9
31
|A|:3212:0,‘ ‘:37&0
3 2
2 1 7
“p(A)=2

The number of unknowns is 3.

Hence p( A) < the number of unknowns.

. Theequations have non trivial solutions also.

Problem 6:

Find k if the equations 2x +3y -z =5, 3x -y +4z=2, x + 7y — 6z =k are consistent.

Solution:
2 3 -1 5 2 3 -1
(A,B)=|3 -1 4 :2|,A=[3 -1 4
1 7 -6 k 1 7 -6
2 3 -1
2 3
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Obviously p(A)=2

For the equations to be consistent, p( A, B) should also be 2.

Hence every minor of (A ,B) of order 3 should be zero.

3 -15
-1 4 2|=0
7 -6 Kk

Expanding and simplyfying we get k = 8.

Problem 7:
Find k if the equations x +y + z=3,x+ 3y+2z =6, x + 5y + 3z k are consistent.

Solution:
111 : 3 11 1
(AB)={13 2 : 6| A=|13 2
15 3 k 15 3
We find,
11 1 11
|A|=[1 3 2[=0 =2%0
1 3
15

Obviously p(A)=2

For the equations to be inconsistent p( A, B ) should not be 2.

111:3
(A,B)=|13 2 :686
153 :Kk

Applying R, >R, -R; ,R3 > R3 - R,

N R
w

11
(A,B)~|0 2
0 4 k-3

Applying R, - R, -2R,
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111 3
(A,B)~[0 2 1: 3
000 : k-9

p(A,B)=2 onlywhen k=9
. The equations are inconsistent when k assumes any real value other than 9.
Problem 8:

Find the value of k for the equations kx +3y +z=0, 3x -4y +4z=0,kx -2y +3z=0 to
ahve non trivial solution.

Solution:
k 3 1
A=|3 -4 4
k -2 3

For the homogeous equations to have non trivial solution, p( A) should be less than the
number of unknowns viz., 3.

p(A) =3
k 3 1

Hence 3 -4 4| =0
k -2 3

Expanding and simplifying we get k = 171

Problem 9:

Find k if the equations x +2y +2z=0,x- 3y -3z =0,2x +y +kz=0 have only the trivial
solution.

Solution:
1 2 2
A=|1 -3 -3
2 1 k

For the homogeneous equations to have only the trivial solution, p( A) should be equal to
the number of unknowns viz., 3.
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1 2 2
1 -3 -3|#0, k=#1
2 1 Kk

The equations have only the trivial solution when k assumes any real value other than 1.

16.6 Exercise:

1. Find the rank of each of the following matrices.
1 2 3 3 21 1 2 3
M3 21 (i |o 45 (i) |2 4 6
4 2 5 3 6 6 3 6 9
-2 1 3 4 1 2 3 4 -2 1 3 4
v o 112 W|2 4 6 8 (vip o 1 1 2
3 4 7 -1 -2 -2 -4 -1 -3 -4 -7
1 3 4 3
Wi |3 9 12 9| (vii) [1 2) (iX) [9 6]
13 4 3 3 4 -6 4
2. Find the ranks of A + B and AB where
1 1 -1 -1 -2 -1
A=2 -3 4 and B=| 6 12 6
3 -2 4 5 10 5
3. Prove that the points (X1, Y1), (X2, Y,) and(x3,y3) are collinear
X1y 1
If the rank of the matrix | X, ¥> 1| isless than 3.
X3 Y3 1
4, Show that theequations 2x + 8y +5z=5,x+y+z =-2, x +2y —z =2 are consistent and

have unique solution.

Lesson Writer
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